Theoretical examinations of
Interface mediated interactions
between colloidal particles

Diplomarb eit
von
Martin  Mic hael M Aller

angefertigam Max-Plan&-Institut
fi Polymerforsiaung, Mainz

vorgelegdemFadbereit Physik der
Johanne&uterberg-Uniersit, Mainz

Dezerher 2004



1. Gutachter: Prof. Dr. Kurt Kremer
Max-Planck-Institut fév Polymerforsdiung, Mainz

2. Gutachter: Prof. Dr. Rolf Sdilling
JohannesGutenberg-Universitét, Mainz



F&r meineFamilie



Zusammenfassung:

Weiche Grenz°achen kdnnen Wedselwirkungenzwisten Teilchen vermitteln, die
an sie gebundensind. Dies gestieht beispielsveise mit Proteinen in einer Lipid-
menbran. Der traditionelle Ansatz zur Bestimmung der auftretenden KrAfte ist
folgender: Die Gesantenergie des Teilchen-Grenzdhe-Systemswird als Funktion
der Teilchenpositionen beredinet. KrAfte zwiscen den gebundenenTeilchen er-
geben sich dann durch geeigneteAbleitungen. Leider zwingt einen die inhArente
NichtlinearitAt diesesProblemsfast immer, sich auf lineare NAherungender Ener-
getik zu besdirAnken.

Es ist jedoch stattdessenaudh méglich, einen anderen, kovarianten Ansatz zu
wahlen, der Ergebnisseliefert, die auch im nichtlinearen Regime gitig sind: Die
Kréfte zwischen den Teilchen werdendurch die Grenz®adche vermittelt und sind da-
herin ihrer Geometriekodiert. In Analogiezur klassistien ElastizitAtstheorielassen
sie sich durch Integrale Aber den Ober°Adhenspanmingstensorausdmicken. Dieser
wiederumhéngt auf bekannte Weisevon der Energiedidite der Grenz°Ache ab. Fiv
denFall einer symmetrischen Zweiteilchen-Kon guration liefert dieserAnsatz exak-
te analytische Formeln fév die Kraft in AbhAngigkeit von der Geometrie an der
Mitteleb ene. Manchmal ergibt sich darausbereits dasVorzeihender Kraft, d.h. ob
Anziehung oder Absto¥sungauftritt, kann aud fék starke Ober°Achenwverformungen
vorausgesagtverden.

Abstract:

Soft interfacescan mediate interactions betweenparticles bound to them. One ex-
ample is the interaction of protein inclusionsin a lipid membrane. Traditionally,
this phenomenonis treated by calculating the total energyof the particle-interface
systemas a function of particle positions. The forcesbetweenthe bound particles
can then be obtained via appropriate derivatives. Unfortunately, the intrinsic non-
linearity of the problem generallyforcesoneto restrict to linear approximations of
the energetics.

It is, howewer, possibleto choose a di®eren, covariant approad and gain some
results that are alsovalid in the nonlinear regime: the forcesbetweenthe particles
are mediatedthrough the interfaceand arethus encaledin its geometry In analogy
to classicalelasticity theory one can write them asintegrals over the surfacestress
tensor, which itself dependsin a transparert way on the interfacial energydensity.
For standard symmetric two-particle situations this approad yields exact formulas
for the forcein terms of the midplane geometry Sometimesthe sign of the forceis
eviden, i. e. the occurenceof attraction or repulsioncan be predicted even for large
interface deformations.
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Intro duction

Forcesbetween particles that are bound to an interface can be either of direct or
indirect origin. The former are, for instance, electrostatic or Van der Waals' inter-
actions;the latter are mediatedby the interfaceand causedby the deformationsthe
particles inducein its shape.

One exampleof sud an interface mediated interaction can easilybe givenin a little
experimert: take two sewingneedlesand a bowl Tled with water. Let the needles
slide carefully onto the water surfaceand you will seethat they attract as soon as
the deformationsof the surfacestart to overlap (seeFig. 1).

Apart from this, interface mediated interactions play an important and more se-
rious role in technological processessud as ore °otation or foam stabilization
[RSS8I9NSO03]. Other researt hasbeendedicatedto the possiblitiesof sud forcesto
inducethe self-asserly of small-scalestructures: one of the hopesat presett is, for
instance,to nd easyways of manufacturing componerts of micro-electromebanical
systems[VMO4].

Interface mediated forcesare also relevant for biological systems: cell membranes
carry a large variety of molecular devicessud as menbrane proteins. It was dis-
coveredthat theseproteins can form domains[SI97. Equivalert obsenations have
alsobeenmadein studieswith arti cial °uid menbranes[KIHM98]. One possible
explanation for the experimertal ndings are memnbrane mediated interactions.
Unfortunately, theoretical considerationsof sud interactions are mathematically
rather involved dueto the fact that the relevant eld equationsaretypically nonlin-
eardi®eretial equations. Presen calculationsthereforemostly yield approximative
results for the forces.

In this thesis, a new geometricalansatzis introducedthat avoidsto solwe the eld
equationsexplicitly. It is thus clear that this approad, which doesnot intend to
determinethe exact shape of the interfacefor a given particle attachmert, will also
not provide numerical values for the force without further work. Howewer, exact
anaytical results for the forcein terms of the geometricinterface properties can be
obtained, which are valid in the nonlinear regime. In somecaseshey enableoneto
predict the sign of the interaction [MDGO04].

1 One of coursehasto make surethat the needlesare neither magnetizednor electrically charged
if onereally wants to obsene interface mediated interactions.



Introduction

(@) (b)

(€) (d)
Figure 1: Attraction of two sewingneedlesoating on water asoneexampleof interface
mediatedinteractions(seealso[GS7]). The wholeprocessproceedson a timescaleof
a few secondsbecomingincreasinglyasterfrom (a) to (d).

For that nal purposethis thesisstarts with the introduction of di®eren interface
energeticsin the rst chapter. We will only discussinterfacesin their ground state.
Thermal °uctuations around that state or dynamical phenomenawill not be taken
into accourt.

The secondchapter providesa mathematicalapproad to stressesn interfaces,show-
ing how forces,that are transmitted through the interface, can be obtained via a
line integral over the surfacestresstensor. This fact is the key to the new approad.
Beforeintroducing it, howewer, we will discusshow onetraditionally determinesthe
shape and the energyof the interface when either one or two particles are bound to
it and how thereby interface mediated forcescan be obtained (seeChaps.3 and 4).
Chapter 5 preserts the key results of this thesiswherethe stresstensoris exploited
in orderto nd nontrivial exactresults for interface mediated interactions. Finally,
it is demonstratedin Chap. 6 that the two approatesare in fact consisten.

With this generaloutline in mind, let us now start to discussfree interfaces.



1 The energetics of interfaces

Two phaseghat do not mix with ead other are physically separatedby an interface
or surface. Sud a systemcan, for example,consistof a liquid and its vapor phase
or a menbrane betweentwo domainsof water.

In this thesis, the dividing boundary layer will be called an interface if referenceis
madeto the physical quartity; however, the mathematical conceptwill be referred
to asa surface.!

An interfaceis usually not a sharpdiscortin uity betweentwo phasesut a cortinuous
transition on molecular length scales(seefor instance [BM93, p. 2 et seq.]). It is
newerthelesspossibleto considerit to be two-dimensionalaslong asoneis interested
in a mesosopic point of view. This is applicable when the lateral extensionof the

interface (and the size of all other objects and deformations of interest) is much

largerthan its width. The interfacecanthen be treated asa two-dimensionalsurface
embeddedin three-dimensionalEuclidean spaceR? which is descrited locally by its

position X (»*;»?) 2 R3, wherethe »* are a suitable set of local coordinates. The

surfaceis not °at in generaland therefore requires for its characterization tools
from di®eretial geometry The underlying basicsof that approad are summarized
in App. B.1.

The creation of an interface costsfree energybecausemoleculeshave to be removed
from their bulk environment and brought to the boundary betweenthe two phases.
This energy (per area) is called surfae tension % In Sec.1.1 we will focus on

interfacesthat canbe completelydescriked energeticallyby a Hamiltonian including

surfacetension only.

More generalHamiltonians may also contain terms that penalize other features of
the surface. Section1.2will dealwith bendingasthe dominart part in the energetics.
Further possiblecharacteristicsof interfaceswill be brie°y discussedn Sec.1.3. In

the presen work, the focus will generally be on interfaceswhoseenergeticscan be
descriked by a Hamiltonian which is a surfaceintegral over a local Hamiltonian

density H. This density shall depend only on scalarsconstructed from local sur-

1 Other authors do not distinguish betweensurfacesand interfacesor usedi®erert de nitions, sud
as Ref. [Saf94 p. 2 et seq.]: If the system consistsof a \semi-in nite, bulk system or vacuum
(or its own dilute, vapor phase)... [the separating boundary layer] is generally referredto asa
surface. When this semi-in nite material coexists with another condensedphase,the separating
surfaceis referredto asan interface. An interface can be composedof a material that is di®eren
from the two bulk phases.”



1 The energeticsof interfaces

face tensorg, sud asthe metric g, the extrinsic curvature K 4, or its covariant
derivativesr Ky, etc.:
=

Hs[X]1=  dA H(Ga:Kanil aKpeii:2) |3 ab2fl2g; (1.1)
§

where dA is the in nitesimal areaelemen and 8§ the potertially curved surface
domain one is interested in. Note also that Hamiltonian (1.1) shall be invariant
under surfacereparametrization. This meansthat no energypenalty is assaiated
with shearingdeformationsof the interface [CG020.

This rather generalde nition will beillustrated in the following by the two casesof
surfacetension and bending energy

1.1 Surface tension

1.1.1 The origin of surface tension

Considera system consisting of water and its vapor: under zero gravity the water
minimizesits areain equilibrium and thus forms a perfectsphere. An explanation of
this circumstancecan be found if one considersthe energeticsof the system[Isr92:
moleculesat the interface are in a state of higher energythan those in the bulk.
This is dueto the fact that the former particles are missingbonds comparedto the
latter (seeFig. 1.1). A positive (free) energyper area,¥; canthereforebe assaiated
with the interface. It is minimal if the interfacial areais minimized, which leadsto
the explainedbehaviour of the water.3

It is possibleto interpret %asa tension: considera rectangular patch of surfacewith
length | and width w at constart temperature (seeFig. 1.2). One may increaseits

2 The de nition of thesetensorscan be found in App. B.1.
3 Note that this is a rather phenomenologicalexplanation of the surfaceenergy A sounderderiva-
tion canbe doneby consideringthe statistical mecdanics of the system(seefor instance [RW02]).

Figure 1.1: Energeticf interfaces:bond numker of a moleculen the bulk compaed
to oneat the interface(schematic)



1.1 Surfacetension

t dw

Figure 1.2: Interpretation of the interfacialenergyasa surfacetension

areaby dA by applying a force F to one side of the patch. The free energyinput
into the systemis equalto the forcetimes displacemett*

dE = Fdw = ¥dA = 3dw : (1.2)

The interface is thus under a tension %= T— which is the so called interfacial or
surfae tension It is tangertial to the interface,even for interfacesthat are not °at
aswe will seein the following chapters. The higher it is, the higher the force that
is acting on a line per unit length. For water its value is about 73 mN m™ at room
temperature (T = 293K). The water-vapor systemis not the only examplewhere
surfacetension plays a dominart role. Other liquid-°uid ° interfacesalso exhibit a
nornvanishing surfacetension (for somevaluesseeTable 1.1).°

To obtain the total energyof a liquid-°uid interfacein generalone hasto integrate
Y,0ver the whole surface. The resulting Hamiltonian is therefore:

z

H= dA%; (1.3)
§

where § is the surfacedomain. If onewants to nd out what a stable surfacefor
given boundary conditions looks like, one has to seart for local minima of the
Hamiltonian (1.3) by setting the variation £H = 0. This leadsto a minimization of
surfacearea(seeabove). Interfacesthat are dominated by surfacetension only and
are not subject to further constrains (seeSec.1.1.2) are therefore called minimum
area surfaces or simply minimal surfaces

4 We only will considerinterfacesin their ground states, which is why we do not worry about
entropic cortributions to the free energy (for a generaldiscussion,seeagain Ref. [RW02]).

5 A °uid can either be a liquid or a vapor/gas.

6 Note that the symbol %will be usedfor the surfacetension of a liquid-°uid interface in general.
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Table 1.1: Surfacetensionfor selectedsubstancest room temperature(T = 293 K)
a) againstair [BM93, p. 8] b) againstwater [Isr92,p. 315]

(a) (b)

substance | ¥=mN m™1! substance | ¥%=mN m1

heptane 20 cyclohexanol 4

ethanol 22 chloroform 28
formamide 57 benzene 35
water 73 cyclohexan 51
Hg 486 octane 51

1.1.2 Soap and soap-like molecules

Not only interfacesbetweenpure phases(such as water and water vapor) but also
solutions are subject to surfaceforcesand surfacetension. Prominent examples,
especially for the demonstration of minimum area surfaces,are soap solutions and
soap Ims (seeFig. 1.3).

A soapsolution canbe producedby dissolvinga metal salt of a fatty acid with a long
hydrocarbon tail in water [Ise92 p. 21]. In natural soapsthe metal is either sadium

or potassium; it is dispersedthroughout the water. The fatty acid anion may be
laurate, myristate, oleate, etc. (seeupper part of Table 1.2 for more examplesand
chemical structures).

Fatty acid anions are amphiphiles This meansthat they consist of two di®eren
parts: the negatively charged carboxyl group is hydrophilic, i. e. \w ater-loving”,

whereasthe neutral hydrocarbon chain is hydrophobig i. e. \w ater-hating". The
hydrophobic part of the moleculedisturbs the hydrogen bonds that exist between
the water moleculescloseto it. Thesecan only be maintained if the water sacri ces
a part of its entropy. This phenomenonis called the hydrophobice®et (or Tan-
ford e®ect)and is the main reasonwhy the hydrocarbon chainstry to avoid water
[GKD™* 04, A3.13]. The hydrophilic carboxyl groups, howewer, can form hydrogen
bondswith the water and thereforetry to stay in it.

This leadsto the formation of a monomolecularlayer of the anionsat the interface:
the hydrocarbon chainsare directed out of the interface,whereaghe carboxyl groups
are adsorted into the interface surroundedby water moleculesand positive metal
ions. The bulk water also corntains someadditional amphiphiles depending on the
concerration of the soapsolution (seeFig. 1.4(a)).

The surfaceions are also called surfactants It is possibleto synthesize arti cial

surfactarts, which canbe classi eddueto their chargeasanionic, cationic, nonionic



1.1 Surfacetension

Figure 1.3: The soap Im: a minimumareasurface(photographedat \Mathematicum
GieYzen")

(a) (b)

Figure 1.4: Structureof a) a soapsolution b) a soap Im
The black particles are the fatty acid anionsand the white particles are the positive
metal counterions.
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substanc e chemic al structur e type
laurate CHs;j (CH,)1j COO! fatty acid
myristate CHs;j (CH;)1,j COO! anions
palmitate CHs;j (CH,)14j COO! (natural soap
stearate CHs;j (CH,)16j COO! molecules)
oleate CHs;j (CH,);i CH=CH| (CH,);j COO!
cetyl (hexadecyl) | CHzj (CHj)15i Oj SG; anionic
sulfate surfactan
cetyl trimethyl Cj:H3
ammonium CHsj (CH5)14i CHoj Ij\l*i CH; cationic
CHs

pentaoxyethylene | CHszj (CH3)10i CH»j Oj (CH»j CH,j O)si H | neutral
dodecyl ether

cetyl dimethyl Csz
glycine CHsj (CH3)14j CHyj lj\|+i CH,j COO zwitterionic
CHs

Table 1.2: Examplesof surfactants([GKD* 04, A3.8]),[Isr92 p. 342 et seq.]). The
fatty acid anionscan be further dividedinto saturated(laurate, etc.) and unsaturated
(oleate)ions.

and zwitterionic. The last category has both positively and negatively charged
groups. Someexamplescan be found in Table 1.2.

The length of onesurfactart moleculeis onthe order of afewnanometers.It occupies
an areaof roughly 0:5 nm? at the interface[lse92 p. 18]. Increasingthe concerration
of surfactart moleculesat the interface lowers the resulting surface tension until
saturation is readed (about 25; 35mN m™ for a soapsolution [GKD* 04, A3.13]).
If the concertration of surfactarts is further increased,new physical phenomena
occur, that will be discussedn the next section.

Solutions of surfactarts may be utilized to form Tms: a soap Im, for example,
consistsof a thin layer of water in-betweentwo monolayers composedof soapions
(seeFig. 1.4(b)). It is 5 nm to 201 m thick [Ise92 p. 7] and has a surfacetension
which is twice the value of a soapsolution, sinceit hastwo sides.



1.1 Surfacetension

Figure 1.5: The soapbubble:a constantmeancurvaturesurface

A soap Im is stable against rupture becauseof a stabilizing e®ectwhich is also
called Marangoni e®et: as soon as one patch of the Im stretches, the concen-
tration of soapions decreasest that part, which leadsto an increasein surface
tension. In cortrast, an increasingconcerration of soapions leadsto a decrease
in surfacetension. This negative feedbak is the reasonwhy the Tm is relatively
stable. In addition, the surfacart ions hinder the di®usionof water moleculesinto
the surroundings,which stabilizesthe Tm further.”

A closedsoap Im is also called soapbubble (seeFig. 1.5). Its surfaceis curved,
which causesa pressuredi®erencebetweenthe interior and the exterior: evidertly
the surfacetensiontries to decreaséhe bubble'ssize,which leadsto a compressiorof
the inner compartmert. A stable soapbubble must thereforehave a higher pressure
pi inside comparedto the pressurepe outside. This resultsin a further cortribution
to the energy which canbe include%into the Hamiltonian (1.3) via the term j PV:

H = dA % PV ; (1.4)
@
whereP = p;i pe is the excesgpressureand @/ the areaof the interface enclosing
the volume V.
For a sphericalbubble with radius a and constart surfacetensionHamiltonian (1.4)
turns into:
494 4

Hsphere: 41/‘323/41 I:)spherega : (1.5)

A local minimum can be found by setting the derivative of Hgphere With respectto a

to zero:
dH sphere

da

” This dynamical e®ectwill not be studied further here. It is only mertioned in order to explain
why one can deal with stable soap Tms.

= 8Y¥a| 4YPsphered = 0 (1.6)
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which yields the well-known expressiorfor the Laplae pressue of a sphericalbubble

2%

I:)sphere = — (1-7)

To nd the equilibrium state for all surfaceswhose energeticsare descriked by
Hamiltonian (1.4), one hasto setthe rst variation of (1.4) to zero. This leadsto
the generalformula of Laplae (seeApp. C, Eqgn. (C.23))

P=3,; (1.8)

where K is the total curvature (seeApp. B.1). Surfacesthat can be de ned via
K = constasin Egn. (1.8) are also called constant mean curvature surfaces Apart
from the spheremany other examplesof sud a surfacecan be found (for instance
the nodoid, see[LFLO1]).
A volume term similar to the onein Eqn. (1.4) may alsobe usedto x the volume
of a closedsurfaceto a constart value Vp:
Z
H = dA % P(Vi Vo) ; (2.9)
@

whereP acts asa Lagrangemultiplier.
This section gave a short overview of di®eren interfacesthat have one thing in
common: their energeticscan be described by a Hamiltonian which is a surface
integral over the surfacetension ¥}including or excluding further constrains sud
as constart volume. This type of interface will be called \soap Tm type" in the
following.
In the next two sectionsother possiblecortributions to the energywill be discussed.

1.2 Bending

1.2.1 Curvature energy

Other cortributions to the total energyof an interface apart from surfacetension
are bending deformationsin the direction normal to the interface. In a harmonic
expansionthe energydue to any deformation of the interfaceis proportional to the
squareof the deformation (cf. Hooke's law). In the particular caseof bending one
hasto considerquadratic expressionf the curvature: a surfacehastwo principal
curvatures k; and k, at ewvery point, which are the eigervalues of the local curva-
ture tensor K,,. The correspnding eigervectors de ne two orthogonal principal
directions (seeApp. B.1). It is thereforenecessaryo include two independentterms
in the expressionfor the energy that depend on a quadratic combination of the
two curvatures and are furthermore invariant scalars:one possiblechoiceis a linear
conbination of the squaresof the principal curvatures, k? and k2 [Can7Q. If we,

10



1.2 Bending

howeer, consideran isotropic interface, the two constarts of that linear conbination
have to be idertical. Thus, the two terms are not independernt any more.

A better choice is therefore a conmbination of 1; = (ky + k2)? and I, = (k? + k3)
[LL86]. The Trst invariant is equalto the squareof the total curvature, 1, = K?2
(seeApp. B.1). Insteadof |, it is, howeer, technically smarter to choose%(lli I5)
asthe secondinvariant becausethis conbination is equalto the Gaussiancurvature
Ks = kiks, for which many mathematical relations are known. Including surface
tension the complete Hamiltonian is then accordingto Helfrich [Hel73:

Z h i

H= dA %+ 'E(K i Ko)2+ K g ; (1.10)
§

where the proportionality coexcients - and * are called the bending rigidity and
the Gaussianbendingrigidity or sadde-splaymodulus respectively. The additional
constart K is the spontaneouscurvature. If its valueis not equalto zero,the surface
prefersto be bert to a certain extert in its minimal energy state. Note that the
Gaussiancurvature part is a topological constart due to the Gauss-Bonnettheorem
(seeApp. B.2) and can thereforebe neglectedin most variational problems.

Oneof the mostimportant exampleswherethe Hamiltonian (1.10) becomeselevant
is the caseof a lipid bilayer (seeFig. 1.6), which will be introducedin the following.

1.2.2 Self-assembly of amphiphiles

In Sec.1.1.2we discussedsurfactarts in water and noticedthat the surfacetensionat
the interface decreasegor an increasingconcerration of surfactarts until a certain
point is reaced. If one exceedghis point, which is also called the critical micelle
concentration (cmc), the surfacetension stays constart. Other physical properties,
sudh as osmotic pressureor electrical conductivity of the solution also exhibit a
discortinuity. What happens? At the cmc it becomesenergeticallymore favorable
for the surfactarts to self-asserle within the bulk of the °uid and shield their
hydrophobic parts againstthe water instead of trying to squeezeéhemselesinto the
already denselypadked monolayer at the interface. The cmc dependson properties
of the surfactart (for instance the surfacearea of the hydrophobic part) and the
conditions the solution is in (e.g. salt concettration).

Typical structuresthat result from self-assernly are spherical,cylindrical or inverted
micelle$, bilayers and vesicles(see Table 1.3). What kind of aggregateewlves
dependson the geometry of the surfactart: it can be quite well determinedby the
value of the packingparameter v=(agl.), wherel. and v arethe length and the volume
of the hydrophobic part of onesurfactart moleculeand & is its e®ective headgroup
area(lsr92).

8 Inverted micellescan of courseonly form if the surfactant is in a hydophobic solvert sudc asoil.

11



1 The energeticsof interfaces

surfactant packing packing structur e
parameter shape
single-hained surfac- %o wf'
tants with large head-
group areas <1 v le .:?é{?b\.
(e.g. sadium dodecyl
sulfate in low salt) cone sphericalmicelle
single-hained surfac- g::'
tants with small head- g e
1. 1 ...

group areas 31 3 @ \..
(e.g. sadium dodecyl .)j/é{?b\g
sulfate in high salt;
nonionic lipids) truncated cone cylindrical micelle
double-thained surfac- :ﬁ&%%g%;?
tants with large head- 1.1 @
group areas and °uid 2! ?ﬁ% gi%}
chains
(e.g. PC, DGDG) truncated cone | °exible bilayer, vesicle
double-tained surfac-| | | 000000
tants with small head- Qggggggg%
group areas, anionic 5 1
lipids in high salt, sat- %g%g&igag
urated frozen chains
(e.g. PE) cylinder planar bilayer
double-dained surfac-
tants with small head- ﬁé}&
group areas, nonionic 51
lipids, poly (cis) unsat- ﬂ%‘%?\
urated chains, high T inverted truncated
(e.g. unsat. PE) coneor wedge inverted micelles

Table 1.3: Self-assemblystructuresandappopriate packingparametersv=(apl.). The
packingshape sketchesthe shape of one amphiphilicmolecule. The black circlesin
the structuresare the hydrophilic,the chainsthe hydrophobigarts of the surfactants.
[Isr92 p. 381]

12



1.2 Bending

Figure 1.6: Computersimulationof a coasegrainedlipid bilayer. The bluespheresre
the hydrophilicheadgroup®f the surfactantsthe yellov and orangeonessymiwmlizethe
hydrophilictails.

From Table 1.3 we obtain a typical value of the padking parameter for °exible
bilayer menbranes: it lies between% and 1. Surfactarts with sud a parameter
usually possesswo hydrocarbon chains.

It is alsopossiblethat two or more di®eren surfactarts self-asserle into onestruc-
ture aslong asthey do not phase-separateFor example,micelle-forminglysolecithin
(packing parameter< %; seeTable 1.4) and normally not self-asseiling cholesterol
(packing parameter > 1) may form bilayer vesicles[Isr92, p. 382]. In nature, a
mixture of surfactarts can often be found in biological membranes, which will be

considereda bit closerin the next section.

1.2.3 Membranes in cell biology

Membranesin cell biology mostly consistof double-tained phospho-or glycolipids
(seeTable 1.4). The chains cortain an even number of carbon atoms (14| 24
typically) and one of them is often unsaturated (which meansthere exists a double
bond betweentwo of the carbon atoms) or branched. Sud surfactarts exhibit the
following propertiesthat are essetial for biological function [Isr92, pp. 375/387]:

2 The lipids self-asserble into thin bilayer menbranes (seeFigs. 1.6 and 1.7)
whosefunction it is to form cell walls and alsoto separatefunctional compart-
merts in the cell (organelles).

2 The cmcis very low (101 ¢ j 10 1° M for bilayer-forming lipids as opposedto
10 2 10 ° M for micelle-formingsurfactarts). The membranethereforestays
the sameewen for a very low concerration of lipids in the surroundings.

2 The membrane behaves as a two-dimensional°uid at physiologicaltempera-
tures, which isimportant for processesud asbudding and subsequenvesicle
formation.
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1 The energeticsof interfaces

substanc e chemic al structur e type
lysophospha- o lyso-
tidylcholine | r, o —ch phospholipid
(lysolecithin) 2
Ho—CH O CH,
H,C——0—P—0—CH,—CH,—N7~CH,
o~ CH,
phosphatidyl- 0 glycero-
ethanolamine RlJJ—O—CH phospholipid
(PE)
RZ—H—O—CH o
O H,C—O—P—O0—CH,—CH —NH
O -
phosphatidyl- o
choline (PC) RlJJ_O_CH2
|
RZ—H—O—CIIH IOI (IZH3
O H,C—0—P—O0—CH,—CH,—N_CH,
o~ CH,
digalactosyl- o glycero-
diglyceride o—cH, glycolipid
(DGDG) RZTO_CH ]
H C—O
CH OH
sphingonyelin R1~CH=CH—CHOH sphingo-
RZ—H—NH—CH 0 phospholipid
O H,C—O—P—0—CH,—CH,—N(CH, 2t
O_

Table 1.4: Example®f membyanelipids. R1andR2 carespndto hydracarbon chains
of fatty acids(seefor instanceTable1.2). [GKD" 04, A3.8f]
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1.2 Bending

Figure 1.7: The cell memlvane consistsof a lipid bilayer to which di®erentkinds of
macromoleculege.g. proteins)are bound. [BGKO03,p. 258]

Other surfactarts that are commonin biological menbranesare the already men-
tioned lysolecithin and cholesterol. Thesemay in°uencethe °uidit y of the membrane
accordingto their geometry (seeprevioussection).

In addition to the basiclipid bilayer, other typesof moleculesmay be presen in the

menbrane (seeFig. 1.7): proteins perform most of the speci ¢ functions of mem-
branessud as enzymatic reactionsor ion pumping. One can distinguish between
integral and peripheral membrane proteins. The latter are only connectedindirectly

to the membrane via the hydrophilic head groups of the lipids. Integral proteins
have one or more parts enmbeddedin the bilayer. Most of them span the ertire

membrane and are therefore called transmembane proteins.

Interactions between proteins are an important eld of study becausetheir aggre-
gation in the menbrane is quite often important for biological function. In the

following, forces between membrane inclusions sud as proteins will therefore be
considered(seeSec.6.2.2) as one exampleof interface mediated interactions.

The thicknessof a lipid menbraneis of the order of 5 nm whereagts lateral extension
may read micrometers (size of a cell). This is why a cortinuum description as
explainedin the introductory remarksof this chapter is often applicable. It turns out

that menbrane energeticsare mainly dominated by bending[Hel73. Therefore,the
Hamiltonian (1.10)is suitableto descrikea °uid menbrane. For typical phospholipid
membranes,- is of the order of afewtensof kg T, wherekgT is the thermal energy
Valuesfor %are found to bein a broad rangefrom 0 up to about 10 mN/m [MHO1].
The Gaussianbendingrigidity * is rather dixcult to measurebecausehe topology
needsto be changedduring the measuremet Its valueis usually negative and also
smallerthan that of - in the samesystem[GKD * 04, A3.24].

It shouldbe mentioned that the Hamiltonian (1.10) is alsovalid for other interfaces
suth as those containing block copolymers. Focusing on lipid bilayer membrane
here, howewer, we will call the type of interface where bending plays the main role
the \°uid membrane type".
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1 The energeticsof interfaces

1.3 Other interfaces

Basedon the Hamiltonian (1.1) one can systematically considerpossiblecortribu-
tions to the energy order by order in the dimensionof the integrand which is length
L [CGSO03: the easiestHamiltonian density one can think of is H = 1, which was
already consideredin connectionwith surfacetension.

The next order, 1=L, involvesthe extzrinsic geometry of the interface:

dA K : (1.11)
§

In Hamiltonian (1.10) the spontaneouscurvature K is included in this linear term
asa constart prefactor.
In secondorder, 1=(L?), gne gets

dA K? and dA K 2K 4 : (1.12)
§ §

A third term in secondorder stemsfrom the intrinsic scalarcurvature R, which is,
howewer, not independert dueto (seeApp. B.1, Egns. (B.40) and (B.42))

R=K?j K®Kgp=2Kg : (1.13)

In the Hamiltonian (1.10), whereall cortributions up to this order are included, the
K 3K ., term is thereforedropped. In addition to that, the Gauss-Bonnettheorem
(seeApp. B.2) statesthat the surfaceintegral over R is just a topological constan
for two-dimensionalsurfaceswithout boundaries. In that caseonly one term in
secondorder is independert.

In third and fourth orderozne hasaccordingtzo [CGSO03]:

dA K3 and dA RK : (1.14)
§ §

10
and™,, z z z

dA R? dA RK?2 dAK* and dA (r .K)(r 2K) : (1.15)
§ § § §
Even the terms in (1.15) may descrike certain properties of an interface sud as
in geometric models for \egg-carton" menbranes [GH96] and tubular structures
[FG9IT7].
In the following, howewer, we will restrict oursehesto terms up to secondorder,
while only sometimesreferring to higher order terms.

% Note that the sum corvertion will be usedin this work, i. e. whenewer a pair of identical indices
appears with one being superscript and the other subscript, it will be summed over them (see

R
also App. A). For example: K 2K 4, ° KabK
a;b=1
10 Note that all following terms are of fourth order in 1=L. The last term, however, contains only
6 derivativesof the embedding function X , whereasthe others cortain 8.
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2 Stressesin interfaces

2.1 The stress tensor in three-dimensional elasticity
theory and its analog for surfaces

Elasticity theory descrikesthe deformationsof solid bodies, regardedas cortinuous
media (seefor instance[LL86, pp. 3{5] for the following).

Let us considera small cubic part ¢ VV of an arbitrarily shaped body in Euclidean
spaceR?: in thermal equilibrium the sum of all forcesexerted on the cube is zero.
Howewer, if the whole body experiencesan external deforming medanical force,
internal forcesarise, ultimately causedby molecularinteractions. Theseare called
internal stresses Due to their molecular origin, they act over a very short range.
Therefore, any forcesfelt inside the cube are determined by the onesacting on its
surfaces

To cope with the directionality of theseforcesit is quite corveniert to introducethe
stresstensor ¥ In the orthonormal basisfx;y;zg, the componernt % is the ith
componert of the total internal force on the unit areaperpendicular to the j axis
(seeFig. 2.1(a)) with i;j 2 fx;y;zg. For example,%¥, is the forcein x-direction on
the unit areaperpendicularto the x axis, whereas¥, and ¥, act on the samearea
but in y- and z-direction, respectively.

Then, the total internal force can be written asthe integral of the stresstensorover
the surface@ V of the cube! One getsfor the componerts:

Xz I N Z
(F boay)i = dA; % = dVv @% (i2fx;y;z9) ; (2.1)
\% i ¢tV

j:x @ j=X

where Stokes' theorem was usedin the secondstep and @ is the partial derivative
with respectto j. The symbol dA; denotesthe jth componert of the vectorial area
elemen which is perpendicularto @ V.

If one considerstwo-dimensional®at interfacesinstead of three-dimensionalbodies,
the same argumert as above can be made: the (surface) stresstensor f is now
a force per length acting on a unit line elemen. Sincethe force can still act in

1 Note that the stresstensor is de ned with an additional minus sign here comparedto [LL86]:
Eqgn. (2.1) yields the internal force that balancesthe force from the exterior due to Newton's
third law. In [LL86] the stresstensor is de ned in such a way that Egn. (2.1) yields the total
external force exerted on the body.
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2 Stressesn interfaces

z
/\Szz Z
DV
D
+ Szy
1
S
S ' }% w
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: Sxy y
S i —
y
X

(a) (b)
Figure 2.1: Compnentsof the stresstensa a) in 3D b) in 2D

three directions, the tensor has six componerts. Take, for instance,f,y: it is the x
componert of the internal force acting on the unit line elemen perpendicularto the
y axis (seeFig. 2.1(b)) with respect to the surfacebasisfx;yg.

The total internal force on a surfacepatch ¢ A is equalto

x | x Z _
(F surface)i = dIjfij = dA @fij (l 2 fX; yi Zg) ; (2-2)
¢ A

j=x j=x

where again Stokes' theoremis exploited and dl; denotesthe j th componert of the
line elemen ds times the unit normal which at every point is perpendicular to the
boundary curve @ A of ¢ A.

Generally we do not want to restrict oursehesto °at interfaces. The stresstensor
must thus be generalizedin order to calculate forcesin curved manifolds. Let us
considera two-dimensionalsimply connectedsurfacedomain 8§, with local frame
fea;ng, a 2 f1;2g (seealso App. B.1). The stresstensor f can then be written
as a pair of vectorsf , 2 R3, wheref _ is the force acting on the unit line elemert
perpendicularto the e, axisin every point of the surfacepatch.? With this de nition
Egn. (2.2) turns into3

| 7
Z

Fso= dslaf®=  dAr . f? |; (2.3)
@0 8o
where the vector | = |2e, is the outward pointing unit normal to the boundary

curve @ o, which by construction is alsotangertial to 8§ (seeFig. 2.2). The variable
s measureshe arc length on @,. The symbol r ; denotesthe metric-compatible
covariant derivative on the surface(seeApp. B.1).

2 In the caseof a °at interface such asin Fig. 2.1(b), e; = x ande, = y. Thus: f, ~ f, =
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2.2 Derivation of the surfacestresstensor

Figure 2.2: Curvedsurfacedomaing: at the bounday @ ( a local orthonamal frame
fl;t; ngcanbeintroducedwith | beingthe outward pointingunit narmalto the bounday
curveandt the unit tangentvecta. The unit vecta n is narmalto the surfaceand the
bounday curve.

Equation (2.3) will be exploited in Chap. 5 to calculate two-body interactions be-
tween colloids that are bound to an interface. In this chapter we will rst begin
with deriving the stresstensor for interfacesin generaland for special cases.

2.2 Derivation of the surface stress tensor

2.2.1 Approach 1: Variation in the embedding functions
Implementation of the variation

Let us go bad to the generalreparametrizationinvariant surfaceHamiltonian (1.1)
asintroducedin the last chapter on p. 4:
Z

Hs[X]1=  dA H(Ga Kani I aKpg i) ; (2.4)
§

wheredA = P g d®» with g = jgusj (seeApp. B.1).

To nd the equilibrium shape of the surface,i. e. the one which minimizes this
Hamiltonian, we needto calculate its responseto an in nitesimal deformation of
the embeddingfunctions X | X + £X (see[CGO02b]for the following). In order to
do so,one rst hasto know how the geometry i. €. ga,, ' 0, Kan, €tc. changes(see
App. C for the necessaryexpressions).

(Fxcifyxifz)T andf, = f o= (fiyifyyifay)T.
3 Indices may be raised and lowered with help of the metric ga, and its inverseg?® (seeApp. B.1).
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2 Stressesn interfaces

The deformation may be decompsedinto a part tangertial and one normal to the
surface:

X (ea ¢xX )ea + (n ¢£X )n

©%,+2n : (2.5)

In the samemanner, the rst variation of the functional (2.4) can be partitioned
into cortributions originating from purely tangertial and purely normal variations:

+tH = 4H + HH (2.6)

Note that the Hamiltonian shall be restricted to a simply connectedsurfacedomain
8 for the following. For easeof notations its boundary @ is chosento be simply
connected,too [CGO02b].

For an arbitrary deformation one getsfor the variation of the Hamiltonian

3 h p p |
HHs, =  d®» (£ gH+  g(#H) (2.7)
8o
The decomposition yields for the tangertial deformation
£ h p p |
#Hs, = d®» (& QH + " g(&H)
Z°  h i
COLZ dA (1 J©H + (©7r 4H)
Z§o
= dAr 4(H ©%) ; (2.8)
8o

where we made use of the fact that the Hamiltonian density H is a surfacescalar.
Note thereforethat the tangertial variation (2.8) is a pure boundary term:
Z I
dAr 4(H ©) = dsH 1,02 ; (2.9)
) @&o
wherel = |2e, is the outward pointing unit normal to the boundary curve @ as
introducedin the previoussection(seeFig. 2.2).
The normal variation can be castasa bulk part plus a pure divergence
Z h i
@ (" GH + g H)
Z° p i
dA E(H)® +r ,S%[ (2.10)
8o

+ Hg,

The term E(H) is the bulk Euler-Lagrangederivative of H with respect to surface
deformations. It is purely normal. Note that its vanishing, asusual, determinesthe
shape of the interface. Hence,E = 0 is also called the \shape equation".
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2.2 Derivation of the surfacestresstensor

All surfacegradierts and higher derivatives of @ are collected via integration by
parts in the linear di®erertial operator S?

S?[E = S + SEr o+ (2.11)

One example of how E(H) and S?[?] can be extracted from the normal varia-
tion (2.10) will be shavn at the end of this section.

Combining the two independern variations, (2.8) and (2.10), accordingto (2.6) we
get asthe rst variation of the functional (2.4) [CG02H]:*

7 7

_ 4=

tHg, = dA E(H)n ¢+X + dAr Q% |; (2.12)
8o 80

where the divergencein (2.12) originates from the tangertial variations as well as
the derivativesof normal variations:

Q*= S + H ©°: (2.13)

The stress tensor|a conserved Noether current

Now, suppose+X = a 2 R? is simply an arbitrary constant translation, that of
courseleavesthe Hamiltonian invariant. In this case,the di®eretial operator Q2 is
simply proportional to a asone can seeby inserting? = n ¢a and ©® = e? ¢a into
Eqgn. (2.13) and exploiting the linearity of S&. Eqn. (2.12) then turns into
Z Z
dA E(H)n ¢a j dA r ,(f 2 ¢a)
§oZ h 8o i
a¢ dA E(H)nijr.f2 20:; (2.14)
8o

ngo

Here, the vector f 2 is introduced accordingto
Q*=jf%c¢a: (2.15)

The integral in Egn. (2.14) must be equal to zero becausea can be arbitrarily
chosen. Moreover, the integrand in Eqn. (2.14) vanishespointwise becauses§ , may
be arbitrarily chosenaswell. Thus,

r of = E(H)n : (2.16)

Examplesof f # and E(H) for a few Hamiltonians will be calculatedin Sec.2.3and
can be found in Table 2.1 on p. 29.

4 Note that @ = n ¢+X accordingto Eqn. (2.5).
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2 Stressesn interfaces

One may decommsef ? into its tangertial and normal parts
fa=fa¥e +fon ; (2.17)
which by exploiting the Weingartenand Gaussequations(B.30) and (B.32) yields
raf2=(r P+ KX Nep+ (r of 2j Kaf ®)n : (2.18)

The projections of Eqn. (2.16) onto the surfaceand the surfacenormal, respectively,
canthen be written as

raf2i Kaf® = E(H) ; (2.19)
r of 3+ Kpof2 0: (2.20)

The normal projection (2.19) is equal to the Euler-Lagrangederivative E(H). The
two tangertial projections(2.20) are consistencyconditionsonf 2 andf 2 that re°ect
the reparametrization invariance of the Hamiltonian; indeed, they are independen
of the Euler-Lagrangederivative.

If we now focus on true equilibrium surfaces which are stationary with respect to
arbitrary variations®, the Euler-Lagrange(\shape") equation E(H) = 0 also holds,
and Eqn. (2.16) becomes

raf2=0/: (2.21)

This is a conseration law for the vector f 2. Its existenceis simply a consequencef
Noether's theorem: a cortinuous symmetry implies an assaiated consened current
(f 2 in this case).

It is not by chancethat the symbol f # is chosenfor the Noether current: it is exactly
the surface stresstensor asit wasdiscussedn Sec.2.1. One can seethat by having
a closerlook at Eqn. (2.14) for E(H) = 0O:

Z

tHg, = jact¢ dATr f?: (2.22)
8o

This equation statesthat an in nitesimal changein energyis equalto the negative
product of an in nitesimal translation times an integral. Thus, this integral must
be a force. If we compareit with Eqgn. (2.3), it becomesclear that f # must be the
surfacestresstensor.

If there are glokal constraints imposedon the surface geometry the Hamiltonian
cortains further terms that have to be varied aswell. Take, for instance, the case

5 Sudch an arbitrary variation could for instance be one, where the boundary is xed and only the
interior of the surfaceis changed.
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2.2 Derivation of the surfacestresstensor

of a constart volume (seeSec.1.1.2, p. 10): an additional term j PV erters the
Hamiltonian. Its variation yields

Z
(i PV <Y P dae (2.23)
8o
which leavesus with the modi ed shape equationE(H) = P. Eqn. (2.21)is replaced
by
r.f2=Pn: (2.24)
If onewants to have the stresstensordivergencereeasoriginally, which will become

important later (seeSec.5.1), onemay rede neit by writing the unit normal vector
asa pure divergencgGuv04b]®

h i
n = %r a (X ¢e®)n i (X ¢n)e? ; (2.25)
h i
) £% = fay %P (X ¢e*)nj (X ¢n)e? ; (2.26)
and thus .
rf =0: (2.27)

Example: The Hamiltonian density K "

In order to bring the abstract notions introducedin this sectionto life, let us focus

on the Hamiltonian density H = K". The tangertial variation of the correspnding
Hamiltonian is simply:

YA
aHs, & dAT J(K"©P): (2.28)
8o
For the normal variation we get
(2:10) 2 2 h P P~ |
HHs, = d» (" QK"+ " g(+K")
Z°  p i
(C.9) n+la ni 1
= dA K + nK " (%K)
§ .
(C.16) z h . :
2 dA K™a + nK" (G 62§ KK )
Z§0 h |
= dA | NEKM T+ KMLK2| nKHK®) a
20z h i
in dAr, K"i(ra ; (raknibha (2.29)
8o

6 This relation can be chedked by straightforward calculation.
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2 Stressesn interfaces

where we exploited the product rule of di®erertiation in the last step. The symbol
¢ = r 4r ? denotesthe metric-compatible Laplacian.

Following Egn. (2.10) and (2.12) the Euler-Lagrangederivative E(H) and the di®er-
ertial operators S2[3] and Q? are:

E(H) = n%K”i T+ KM YK 2 nKabKlab) (2.30)
S = jn K"i(raa ; (rakn 1)3_ (2.31)
Q* = in hK”‘ Hro®a) o (rAKnihye L K"©* (2.32)
For a translation £X = a onethereforegets:
Q* = nhKni Yranea)j (r °K" Hn ¢aI + K"e? ¢a
®.20) h(nK Nilg A KNg®)ey i n(r K" l)nI ta : (2.33)

Comparingwith Eqn. (2.15) yields the following result for the surfacestresstensor:
fa=(nK"Ka®; K"g®)epi n(r K" Hn : (2.34)
If we include the constraint of constart volume, the shape equation reads
i NCKM 1+ KNYK2, nK K ) Ep (2.35)
2.2.2 Approach 2: Using auxiliary variables
Implementation of constraints

In the previous sectionwe have seenhow the surfacestresstensor can be obtained
via a variation X ! X + X of the embedding functions. This, howewer, turned
out to be a rather involved calculation asit becameapparen in the exampleworked
out at the end of the previous section. The reasonfor this dixcult y is that the
tensorsgan; K ap; ::: indirectly depend on X via the structural relationships’

Oab = €a Cep and Kap= €2 ¢@N ; (2.36)
and
€a= @X=0"=@X ; e¢tn=0; and n?=1; (2.37)

and therefore have to be varied aswell (seeApp. C).
Here, an alternative way will be presened: the quartities Qap, Kan, €2, and n are
treated asindependentauxiliary variables[Guv04d. Consequetly, Egns.(2.36) and

7 Cf. Egns. (B.2), (B.4), (B.5), and (B.20), in App. B.1. A discussionwhy just these structural
relationships are chosenfor the following can be found in [Guv044d)].
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2.2 Derivation of the surfacestresstensor

(2.37) have to be enforcedvia Lagrangemultiplier functions. The new functional
Hclban; Kan T aKbe 1113 X s €a5n;, 305030 f 2 2 ]is then:
Z

He = H[GawiKapil aKpg ]+ dAf3¢(eai @X)
ya
+ dA [, ®(Qapi €aCep) + (Ko €, ¢@n)]
Z
+  dA[3(ealn)+  ,(n?i 1)]: (2.38)

The original Hamiltonian H is now consideredto be a function of the independent
variables gap, Kap, and its covariant derivatives, whereas, 2, a@ {2 & and , ,
are the Lagrangemultipliers xing the constrairts (2.36) and (2.37). This greatly
simpli es the variational problem becausenow we do not have to determinehow the
deformation £X propagatesthrough to ga,, ~ 0, K ap, €tc.

Let us study the Euler-Lagrangeequationsfor X , e5, n, gap and K 4, respectively,

raf® = 0; (2.39a)
f2 = (@*K2+2 ®)epj ,3n; (2.39b)
0 = (ree®+,3)eat (2,ni 2Ka)N ; (2.39¢)
,P = T2 (2.39d)
a® = jH (2.39%)

In Egn. (2.39b) the Weingarten equations@n = K Pe, (B.30) have beenused,in
Eqn. (2.39c) the Gaussequationsr e, = j Kgn (B.32). We alsode ne
p_

o T = 2P g ) (2.40)

K ab "—'gab
wherewe call T the intrinsic stresstensor ass@iated with the metric gap.
It is not by acciden that the symbol f  denotesthe Lagrangemultiplier that anchors
e, to the embedding X . Indeed, it is idertical to the surfacestresstensorasit has
beenintroduced in the two previous sections. This can be seenif one considers
a variation of the Hamiltonian H¢: for a constart translation £X = a one gets
[Guv04g 7

tHe=jat¢ dAr f?; (2.41)

Hab =

which is the analogto Eqgn. (2.22).

Combining Eqgns. (2.39), we nd an expressionfor f ® where all other Lagrange
multipliers are eliminated. From Eqn. (2.39c)we get, & = jr ,a2® becausee, and
n arelinearly independen. Inserting this and Egns. (2.39d,2.39e)nto Eqn. (2.39b)
yields:

fa=(T®; H*KDepi (r H®)n |: (2.42)
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2 Stressesn interfaces

This generalexpressioncan be usedto calculate the stresstensor oncethe Hamil-
tonian density is speci ed, aswe show in Sec.2.3 for a few examples.

The stress tensor including pressure

Eqns. (2.39) and (2.42) changeif one imposesfurther physi@al constrains. These
can be enforcedas usual by further Lagrangemultipliers.

If the surface,for instance,enclosesa xed volume,aterm j PV hasto be included
in the functional (cf. Secs.1.1.2and 2.2.1):

y
_ 1
Hew sed = A i PV E7 B¢ i P dAneX (2.43)

Notice that the original Lagrange multiplier functions f 2;::: of Hc have to be
replacedby % in Hc becausehe additional term in the functional alsoinduces
changesin the other multipliers: Looking at the Euler-Lagrangeequations(2.39),
we notice that Eqns. (2.39b) for e, and (2.39¢e) for K 5, are as before; the others
changeslightly:

a 1

r.f- = §P n; (2.44a)
% = (8%K+ 27 ey T3n ; (2.44b)
1
0 = (rea™+ 5 i 3P X teea

+(2Thi TP i %P X ¢n)n ; (2.44¢)

1 1
:—ab = é-|-ab_|_ BP(X ¢n)gab; (2.44d)
g® = o®=jH *; (2.44¢)

where T and H2® are de ned asin Eqn. (2.40). The Lagrangemultiplier function
@2 js the only onethat is equalto its courterpart @2, In Eqn. (2.44c) we made
useof completenesX = (X ¢e?)e,+ (X ¢n)n. To get Eqn. (2.44d)it is necessary

to know that p_
i( g) - }p ggab.
i'gab 2 ’
which can be derived by exploiting Eqn. (C.7).
Combining Egns.(2.44)in the sameway asEqns.(2.39) aboveresultsin the following
expressionfor the surfacestresstensor:
h 1 i h 1 i
T H*KD 2+ éF>(x ¢n)g® eyi r H®+ éF>(x te®) n  (2.46)
h i
fai %P (X ¢e*)nj (X ¢n)e? ; (2.47)

(2.45)

a

f-'
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2.3 The surfacestresstensor of special interfaces

wheref 2 is the original stresstensor(2.42). Applying idertit y (2.25) for the normal
vector again, allows Eqn. (2.44a)to be rewritten as

rof®=Pn; (2.48)

which is idertical to Eqn. (2.24).

2.3 The surface stress tensor of special interfaces
In Sec.2.2.2the generalexpression
f2=(T®i H*Kepi r sH™n (2.49)

for the surfacestresstensor has beenderived. Here, Eqn. (2.49) will be specialized
to a few important standard cases(seeChap. 1). In addition, the Euler-Lagrange
derivative E will be calculatedvia Eqgn. (2.19).

The simplest Hamiltonian density is H = 1 which is (up to a constart prefactor)
the Hamiltonian density of a soap Im (seeSec.1.1.2). Accordingto Eqn. (2.40) we

get: H® = +H=4 = 0and T2 = ; 2(° g)i 1x(P gH)=4g,, > i g®. Thus,
fa (2::49)
E

i 0%,;  and (2.50)

(8.26)

2:19
Yt Kaf = Ka(i 0™) 2V K (2.51)

Note that the functional derivatives £ in this rst caseare equal to the partial
derivatives @becauseH doesnot depend on higher derivativesof g, or K .

This is also true for the Hamiltonian density H = K" = (g%°K 4)" (with n 2 N,
wherethe casen = 2 is relevant for °uid membranes,seeSec.1.2). One derives®
Hab = nK "i 1g2 and T2 = 2nK "i 1K 3 K "g? which gives

fa
E

(K" HK® G K g®)eni n(r K" H)n ; and (2.52)

¢ : .
Ri '1 %KZ; ¢ nK"il; (2.53)

Note that Eqgns. (2.52) and (2.53) are idertical to the results obtained earlier via
the variational approad (seeEqns. (2.34) and apply Eqgn. (B.40) to (2.30)).
Considernow H = K 3K ,,: applying Eqgn. (2.49) in this caseyields for the stress
tensor

f2=(2K*Kei KK cag™)epi 2(r K *)n : (2.54)

8 One hasto be careful, however, when di®erertiating with respect to gap: the tensor K 4 is the
independert variable|whic h is why a derivative with respect to gap, yields zero|whereas K 2°
dependson the metric through its inverseand thus yields a nontrivial term when di®ereriated.
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2 Stressesn interfaces

Before discussingthe Euler-Lagrangederivative, let us rewrite this expressionwith
the help of Egns. (B.39, B.40) and (B.15,B.35), respectively:
h i

fa h2(KKabi R®) i (K2 R)G® epj 2(r 4K)N

|
(KK®j K?g®)+ (Rg™i 2R™) epj 2(r .K)n;  (2.55)
whereRy, is the Ricci tensor. In two dimensions(seeEqns. (B.41) and (B.42)):

Rg®i 2R®=0: (2.56)

Thus, the stresstensor for H = K 2K, is exactly the sameas for H = K ?2 (cf.
Egn. (2.52) for n = 2). One canthereforealsoread o®the Euler-Lagrangeequation
for H = K 3K ., from Eqn. (2.53):
h 1 [
— . 2. .
E= Rj §K i ¢ 2K : (2.57)

Exploiting the linearity of the stresstensorwith respectto H and respecting R (.20

K?2i K&K 4, oneimmediately gets
fa=Q0 ) E=O0: (2.58)

forH = R.
Finally, let us considerH = 1(r (K)(r °K) ~ Z(r K)2. Now onehasto keepin

mind that H2 and T2 are functional derivatives
3

oo H _ @ @

= i re —— 2.59
iKab @(ab l ¢ @ cKab ( )

becauseH dependson derivativesof K 5. We get
He = ir (¢ °K) = ¢g®¢K : (2.60)

It is a bit more ditcult to determipe T2, To avoid mistakes, let us considerthe
variation of the Hamiltonian H = % dA (r K)? with respect to the metric ga, and
identify T2 at the end of the calculation. The variation yields:
z °3 z 1" p p ©
HH = dHgl(r K= dA gpo 10Tl K)*+ TGl K)T - (261)

The rst term can be obtained with the help of Eqn. (2.45):

Ip_
509 = 5" 00 (2.62)

9 The stresstensor for H = R is only equal to zeroin two dimensionsdue to Eqn. (2.56). In
generalit is: f 2 = 2(R?" | 1Rg?)e, = 2G* ey, where G* is the Einstein tensor.
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2.3 The surfacestresstensor of special interfaces

H E fa fab
1 K 0 i g
£ ¢ a . .
K" Ri 1j 2 K2Zj ¢ nKMt]jnraKnt|(nKa; KgP)Kni?t
£ o]
K 2K .p Ri 3K?%j ¢ 2K i 2r 2K (2K 2 K g?)K
R 0 0 0
5(r K)?7 3¢/ (¢ + K?2j R)CK j K*¢, cagk | (MK ’K)i g
(r K)(r °K) | (r aK)(r oK) i 3Ga(r K)? qr K)?j K®¢K

Table 2.1: Euler-LagrangealerivativeE(H) and the compnentsof the stresstensa
f 2= fabey+ f 2n for severabimplescala surfaceHamiltoniandensitiedH. Noticethat
K 2 andK 2K 4, yieldidenticalE andf @ (seetext in this section).

For the secondwe needto calculatet®

[(r K)?] H[071(r aK)(r oK) + 207°(r oK )g[r oK ]

i (1 2K)(r PK)3gan + 20°°(r oK) p(K ca?g™)

i (r 2K)(r PK)gani 20°°(r aK)r o(K %4geq) 5 (2.63)
where,g% = | g*°g*%tg.q was exploited twice (cf. Egn. (C.5)).

Insertin%Eqns. (2.62) and (2.63) in (2.61) we get

h i
1'"1
HH = dA S Sgr K)?i (r 2K)(r °K) i dA g1 *K)r (K “ligkg) ¢
(2.64)
The Iastierm can be rewritten as 7
dA g°(r 2K)r o(Kgeq) = i dA K¢ K gy,
z h i

+  dAT , 0®(r ]K)K%4gy ;  (2.65)

wherethe secondterm of the right hand sideis a total divergenceand can be cast
asa boundary term. Thereforezit doesnot cortribute to T2°:
40 1

+H = dA T2+g,, + boundary terms ; (2.66)

10 Note that one again has to be careful (cf. footnote 8, p. 27): not only K 2 but alsor 2 now
dependson the metric through its inverse. Howewer, r , is independert of g,, becauseit acts on
the scalarK and can thus be written as @@? (seeApp. B.1).
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2 Stressesn interfaces

with
T3 = (r 2K) (r °K) %gab(r K)2i 2K2®¢K : (2.67)
Thus, we get with the help of Egns. (2.49) and (2.19)
h i
fa = (r3K)(r°)j %gab(r K)2i K¥¢K e,+r3Kn; and (2.68)
h i
E = (6 + K2 RICK i K™ (1 oK) oK) i 50u(r K)? | (2.69)

for H = 3(r K)2.
All results of this sectionare summarizedin Table 2.1. In Chaps.5 and 6 they will
be exploited to calculate interface mediated forcesbetweencolloidal particles.
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3 One colloidal particle at an
Interface

In the previoustwo chapterswe have discussedree interfacesand stressesn them.

Let us now considerwhat happenswhen a secondcomponert comesinto play: a
solid particle that is bound to the interface, either becauseof adhesionor because
it is embeddedin it.?

In this thesis, the focusis on interfaceswhoseenergeticscan be descriked by the

Hamiltonian (1.1). In Sec.3.1.2we will seethat gravity cannot be described with

sudh a functional. One may neglect gravity, howewer, if one restricts the size of

the particle to length scalessmallerthan 1 * m (seeSec.3.1.2). Furthermore, the

mesoscopicview on the system as introduced in Chap. 1 on p. 3 should still be

appropriate, which is why the particle should alsobe biggerthan 1 nm.

Particles of that sizeare called colloidal particles [BM93, p. 105]. This name was
coined by the Scottish sciertist Thomas Graham when investigating solutions, in

which the dissoled specieswas not able to di®usethrough a semi-permeablemem-
brane (\ - §,,® " means\glue" in Greek) [DGR02, 11.16]. Typical examplesof col-

loidal particles are polymers, in particular biopolymers sud as proteins, but also
smole or dust particles.

In this chapter, the focus will be on systemswhere one colloidal particle is bound

to a liquid-gasinterface (Sec.3.1) and a °uid menbrane (Sec.3.2), respectively.

3.1 The three-phase boundary solid/liquid/gas

3.1.1 The Young-Dupr® equation
The standard derivation

First, considerthe caseof a three-phaseboundary solid/liquid/gas: Assumethat
a liquid drop adheresto an ideally °at solid substrate surroundedby a gas? In
equilibrium the drop will have a certain shape which is determinedby the interplay

1 The latter caseis of particular interest in the caseof °uid membranes becauseproteins can be
modeled as solid membrane inclusions (seeSecs.1.2.3and 3.2.2).

2 Note that all results in this section also hold for solid-liquid-°uid interfacesin general. The gas
asthird phaseis only chosenfor notational simplicity.
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3 One colloidal particle at an interface

Figure 3.1: Balanceof forcesat the three-phasdounday solid/liquid/gas

of three di®eren componerts: the surfacetension %of the liquid-gas interface, the
surfacetension ¥4 of the solid-gas,and the tension %, of the solid-liquid interface3
Becauseof that interplay, the angle betweenthe solid and the liquid surfaceon the
three-phasecontact line will adjust to a special value. This angle ® is called the
contact angleand is depictedin Fig. 3.1together with the three tensions.

In the horizortal direction forcescausedby the tensionsmust balancein equilibrium.
By simple vector addition we obtain the equation (seeagain Fig. 3.1):

Yag = YocOS®+ ¥y : (3.1)

The energyper areathat is gained by bringing a separateliquid drop and a separate
solid together sothat their surfacesare partially in cortact with ead other is called
the adhesionenergyu. It consistsof two componerts: energyis gainedbecausethe
two separatesurfacesdo not exist anymore. Howewer, to form the new cortact area
energymust be expended. Thus, we can write:

3 .

U= %+ %y i % : (3.2)

Combining Eqgns. (3.1) and (3.2) we get:
3

u= %1+ cos® : (3.3)

This equation is the well-known Young-Dupi® equation (seefor instance [BM93,
p. 55 et seq.]). It is a local condition that holds at every point of the cortact line.

Derivation via the stress tensor

In the previoussectionwe have viewed %; ¥a4, and %, astensionsthat are tangertial
to the surfacein agreemeh with the introductory remarksof Sec.1.1.1. Why could
we do this? The reasonis that we actually balancedthe stresstensors,which are

3 Note that the conceptof surfacetension|un til now only applied to liquid-°uid interfaces|ma y
be generalizedto include solid-°uid interfaces.
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3.1 The three-phaseboundary solid/liquid/gas

'/_ S free

Figure 3.2: Geometryof a liquid dropon a °at solidsubstrate

purely tangertial to the surfacein the caseof a liquid-°uid interface. Its absolute
valuesare equalto the interfacial energiesas we have seenin Chapter 2.

Let us therefore considerhow one can formally derive the result (3.3) by using the
surfacestresstensors[CG024. For that purposethe free part and the boundedpart
of the surfaceof the liquid drop must be consideredseparately: for the free part of
the surfaces§ s the stresstensor can be written as(H = % seeTable 2.1):

fa= Ygey: (3.4)

For the boundedpart 8,,,nq ONehasto take into accour the adhesionenergy We
get [CG0249): 3

f2=1 % u §%,: (3.5)

In equilibrium the forcesmust balanceat ewvery point of the boundary curve @8.
Considerthe stressdue to the free part (direction of | = 1,e2 seeFig. 3.2):

12 &Y, | Y0y = | %l : (3.6)

For the bounded part one can do the same. The unit normal t on the boundary
pointing tangertially out of 8 pouna (Se€Fig. 3.2) can be written as:

b= ter: (3.7)
Thus, we get for the bounded part:

3 ’ 3

i % out: (3.8)

B2 h v ou g, &
Balancing the forcesat the boundary yields:
s ,
i Yalj ?/4iujr+fc=0; (3.9)
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3 One colloidal particle at an interface

Figure 3.3: Sewingneedle’oating on water

wheref . is introducedas a force of constrairt (per length) that balancesthe force
componert normal to the solid causedby 1,f @ f , = | %l ¢4 = j f .. This force
must be provided by the substrate.

The projection horizontal to the soligl yields:

it % oute = 0
i wlgt] %y = 0
let+1 = (3.10)

| andt areunit vectors,thereforel ¢ = cos(\ (I;1)) = cos® . The anglebetweenthe
two vectorsis equalto the contact angle®. Thus, (3.10) is exactly the Young-Dup§
equation (3.3).

This type of calculation seemdo be a very corveniert strategy for identifying con-
tact boundary conditions, particularly if oneis interestedin more generalsurface
Hamiltonians (such as bending). Unfortunately, cortrary to what one might be-
lieve after consulting Ref. [CG024, it becomesdncorrect in thesecases.The correct
generalizationis currently under study [Guv04b].

3.1.2 Force balance for a colloidal particle °oating on a liquid

For a solid particle adheringto a liquid-gasinterface,all forcescausedoy the tensions
¥ Y&y and ¥ have to be included into the force balance. Obsene that this has
implications beyond the Young-Dup® equation, since as we have just seenthis
equation doesnot bother with forcesnormal to the solid substrate. In addition to
the tensions, gravity also has to be taken into accourtjat least for macroscopic
particles like a sewingneedle®oating on water (seeFig. 3.3).
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3.1 The three-phaseboundary solid/liquid/gas

A heavy particle causesdeformationsof the originally °at interfacedueto its weigh.
For the liquid, surfacetensionand gravity arethe only physical quartities cortribut-
ing to the energy The former is already included in the Hamiltonian (1.3), but for
the latter we have to add a potential energycontribution:

z

H=  dA %+ Epo - (3.11)
8

Togetan expressiorfor E, it is corveniert to changeinto a surfaceparametrization
that is calledMongegauge In this parametrization the surfaceis descrikedin terms
of its height h(x;y) = h(r) above an underlying referenceplane asa function of the
orthogonal coordinatesx andy. This is clearly applicableaslong asthe surfacehas
no overhangs(seeApp. B.3).
Imagine now to lift a small cylinder of the liquid with greaA to a height h aboveits
original position. It then gainsa potertial energyof oh dh® (Ah% 24g = 3¢ Y2dn?A,
where ¢ Y2:= % Y is the densily di®erencebetweenthe density of the liquid %
and the density of the gas¥4, and g is the accelerationdue to gravity.
This can be generalizedto get the potertial energyof the free liquid:

Epot = % dx dy ¢ Yadp? : (3.12)
8

A characteristic length * of the system can now be obtained by conbining the
correspnding quartities ¢ ¥z g and %

r
/N
. (3.13)

gt %’

The IengB1 " iscalledthe capillary length(['] = m). For awater-air interfaceits value
isabout 0:073=(10£ 1000)m ¥ 2:7 mm at room temperature. An interpretation
of * canbefoundif oneconsiderssurfaceghat deviate only weakly from a plane (see
App. B.3). The in nitesimal areaelemen dA canthen be written approximately as
dA =1+ %(r h)? (seeEgn. (B.53)), which yields for the Hamiltonian (3.11):
1% h i
H = 5 dx dy ¥r h)?+ ¢ Yd?
. Z h i
§¢ Yg dxdy (r h)?+h? ; (3.14)
§

(3:13)

neglectingthe constart due to the rst term in the expansionof dA. The shape
equation for this Hamiltonian can be written as?#

(r 2 é)h:o: (3.15)

4 Note that the symbol r ? denotesthe Laplacian of the (x,y) plane in cortrast to the metric-
compatible Laplacian ¢ of the curvilinear surface.
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3 One colloidal particle at an interface

A mode analysisnow providesan interpretation for the capillary length. Considering
a surfacepatch of areaa £ @ one may write®

X
h(x;y) = h(r) = hq exp(iq¢r) ; (3.16)
q
with
_ 21/4Ll o, 1 o .0 .
- ? Oy Wlth Xy Yy 2 Z . (3.17)

Then, the Hamiltonian (3.14) is proportional to
X h i
H/ jhei> C @)?+1 : (3.18)
q

The inverse of the vector q is a measurefor the length on which perturbations
arise. If it is much smallerthan the capillary length °, the term ( q)? becomeshe
dominart term in Eqgn. (3.18) and gravity can be neglected.

One may therefore neglect deformations due to the weight of the particle and|as
a consguene|the weight of the particle itself, if one considersthe interface on
lengthsalesmuch smaler than the capillary length, whichis the casein the colloidal
domain (compare the size of a colloidal particle (. 1! m) to the capillary length of
a typical liquid-gasinterface suchas water-air (about 1 mm)).

Consider therefore a weightlesscolloidal particle °oating on the liquid: the area
of the surfaceis minimized if the surfaceis °at. At the boundary the tensions¥;
Yag, and ¥y can balanceaccordingto the Young-Dupr® equation. Hence,one would
naively expect that in equilibrium the colloid immersesjust deepenoughinto the
liquid such asto match the appropriate cortact anglewith a °at liquid surface.But
there is a problem: what happensto the normal force at the cortact line? For the
naive scenarioto hold, it would have to be balancedby another force (which was
called force of constrairt in Sec.3.1.1).

It turns out that sud aforceexists: it isthe forceF | causedby the Laplacepressure
(seeSec.1.1.2)% Hence,at least for cylindrical and sphericalparticles, the objects
we will mainly dealwith, the suspicionthat the liquid surfaceremains®’at is indeed
con rmed, even though the deeper reasonfor this is a bit more subtle.

Let us derive that for the caseof a spher€ with radius a and xed angle o of
immersion (seeFig. 3.4). We will show that all forceswill balanceif the interface
is °at. If we require the Young-Dupt® equationto hold, the tangertial forcesat the
corntact line already balance, and we will subsequetly only have to worry about
the normal ones. Our proposed courter-balance force F | consistsof two parts:

5 One takesa Fourier sum instead of an integral becausethe areais not in nite.

6 Equation (1.7) can also be applied to a solid spherehere becauseboth solid-°uid interfacesare
treated asthe liquid-gas one by assigningsurfacetensionsto all of them.

” The calculation can be done in the samemanner for a cylinder.
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3.1 The three-phaseboundary solid/liquid/gas

z
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JqO
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liquid

@

Figure 3.4: Sphereoating on a liquid

FL= Fs+ Fg. The forceF g4 is causedby the Laplace pressurePgsq which acts on
the upper part § ;4 of the spherebeingin cortact with the gas. F g is causedby the
Laplace pressurePy which acts on the lower part 8§ of the spherebeingin cortact
with the liquid.

The relevant componert of the forcesis the vertical projection parallel to z. The
horizortal projections in fact cancelout becauseof the axial symmetry. For the
vertical componerts we get, using sphericalcoordinates (r; p; A):8

z Z ., Z

SRR
Fsq ¢z = i dA Pgy n ¢z = | Py a? dA du sinpcosp
8 0 0
Y.
= i {azPsg[li cos(21)]
= za/ﬂ
T va¥[li cos(2u)] ; (3.19)
and
Z Z 5, ) Zy,
Fgtz = i dAPgn ¢z =i Pya? dA du sinpcosp
84 0 Y4 W
Y.
= aPulli cos(2ip)
_ 2%
T vavu[li cos(2u)] (3.20)

Combining the two forcesyields

FL¢z = Ya[li cos2u)l(Yai Yag) = i Ya[lj cos(2uy)]¥«cos®
i 2Yasin® Yo Ycos® : (3.21)

8 Note that p measuresfrom the \north pole".
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3 One colloidal particle at an interface

The force normal to the solid F,, at the three-phaseboundary is equal to (cf.
Sec.3.1.1and remenber that the surfacetensionis a forceper unit line and therefore
hasto be multiplied by the length of the cortact line):

Fn= (2Yasin) ¥sin®:: (3.22)
Therefore,the componert parallel to z is:

Foz =4 1)

(2¥asin ) ¥sin®cos® (2vasinp) ¥sin(Yaj o) cos®
= 2Yasin? oy ¥os® : (3.23)

This isindeedexactly canceledby the forcedueto the Laplacepressure Eqgn. (3.21),
which provesthat our assumptionwascorrectand the interfaceis really °atlat least
in the caseof sphericalor cylindrical colloids.

3.1.3 Pinning of the contact line

For arbitrarily shagd particles the situation is di®erern: As before,the contact line
at the three-phaseboundary tries to adjust to the Young-Dup® equation in every
point. This, howewer, would be generallyimpossibleif the interface wereto remain
°at. In addition to that, pinning of the cortact line may occur. This descritesthe
situation wherethe cortact line is pinned to impurities on the surfacesud that the
Young-Dupr® equationis generallynot satis ed. One canobsene that, for example,
every morning when eating corn°akesfor breakfast (seeFig. 3.5). Evenin the case
of spherical or cylindrical particles, pinning may lead to a nontrivial cortact line
and thus to interface deformations.

If onewants to know the actual shape of the interfacein this case,onehasto solve
the shape equation K = 0 (seeTable 2.1), which in small gradiert expansion(see
Eqgn. (B.52)) turns into

r 2h(r)=0 |: (3.24)

The boundary conditions x the height h at the cortact line C. This problem
evidertly correspndsto the Dirichlet problem for a potential in electrostatics. In

both casesthe solution can be obtained by usingthe Greenfunction G(r ;r 9 of the
haac/A
two-dimensionalLaplacian, which is ™73, Applying Green'ssecondidertity, one
getsfor the height function (or potential in electrostatics)[Jac73:
| n #

h(r)= ds° @](r%G(r;r(’)i h(r()@;(r;r%

where s is the arc length of the boundary curve C and g, the derivative along the
vector normal to the colloid. Solving this integral equation yields the shape of the
surface.
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3.2 Colloidal particle bound to a °uid membrane

Figure 3.5: Onecan®ake on milk. Somespots wherepinningof the contactline occurs
are denotedby the blackarrows.

3.2 Colloidal particle bound to a °uid membrane

Apart from liquid-gas interfaces(or more generally\soap Im type" interfaces,see
Sec.1.1) the main focusin this work lies on °uid menbranes(seeSec.1.2). In the
presen sectionwe will therefore study the binding of a colloidal particle to a °uid

menbrane.

One may distinguish two possiblebinding medanisms: the colloid can either adhee
to the menbranedueto attractiv einteractions (seeSec.3.2.1)or it may be emleddel
in it (seeSec.3.2.2).

3.2.1 Adhesion

In the caseof adhesion boundary conditionsanalogougo the Young-Dupi§ equation
can be found. The rst one follows from the fact that a membrane cannot have
any kinks, becausethis would lead to a singularity in the curvature energy (see
Eqgn. (1.10)). This implies

®= Ya, (3.26)

where ® is the cortact angle at the particle-menbrane cortact line. But sincethe
Hamiltonian for a °uid membrane is of higher order in surfacederivativesthan the
Hamiltonian for a liquid-°uid interface, there will be one more boundary condition
which xes the next order in surfacederivatives,namely the cortact curvature.

But what doesthis boundary condition actually look like? And how can the shape
of the menmbrane be determinedif a colloidal particle adheresto it?
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3 One colloidal particle at an interface

Fluid membrane vesicle on a solid substrate

First, let us considera °uid menbrane vesicleadheringto a solid substrate: this
situation is similar to the casewhere a liquid drop is bound to a solid substrate
(seeFig. 3.2); in particular its geometry is essetially the same. Howewer, the
Hamiltonian is di®eren [CG024:°
Z h i Z
H= dA %+ 'E(K i Ko)? i dAuj PV ; (3.27)

§ 8§ bound

whereu is the adhesionenergyper area. The topology of the vesicleshall be xed,
which permits us to neglectthe Gaussiancurvature term (cf. Hamiltonian (1.10)).
Howewer, an excesgressureP is included (cf. Hamiltonian (1.4)).

At the boundary, the curvature tensors K , and R ., of the menbrane and the
substrate, respectively, may be written with respect to the local coordinate frame

fl;tgas u . . q u . . q
? 2k . a — ? ?k .
Koo K ; and b = K?k Kk . (3.28)

A variation of the Hamiltonian then yields the equilibrium boundary conditions
[CGO024:

Kg =

r

2
Ko j K? = _U ; K= Kk, and Ko = K?k . (329)

Thesealso have to hold when a colloidal particle adheresto a °uid membrane.

Adhesion of a spherical colloid to a °uid membrane

Let us now restrict ourselhesto the caseof a colloid adheringto an elasticsymmetric
(Ko = 0) °uid menbrane with xed topology and no excesspressure. The general
Hamiltonian (1.10) then simpli es to:
Z Z
H = § dA (%a+ 'EKZ)i dA u: (3.30)

8 bound

Note that from the two elastic constarts 32 and - one can de ne a characteristic

length r

= 3.31
&7 ( )

that separatedength scalesover which bending or tension are the dominart term.

% Note that instead of the spontaneous curvature K, a term linear in the total curvature K is
included in the original Hamiltonian in Ref. [CG02d. By multiplying out (K j K)? one can
seethat theseare two equivalent ways of formulating the problem.
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3.2 Colloidal particle bound to a °uid membrane

The shape of the bound membrane is xed by the shape of the colloid. For the
shape of the free membrane, onehasto setthe Euler-Lagrangederivative E of the
free part of the Hamiltonian

Z

Hiee =  dA (%t EK %) (3.32)
8

to zero. From Table 2.1 onederives

i -¢K+'§K(K2i 2K pK®) + ¥K = 0 (3.33)

Changing to Monge parametrization again and consideringonly the small gradi-

ernt regime (where higher order terms are neglectedand K 22 i r 2h), onegets
-t 2(r ?h)j ¥ *h= 0, or with the help of Egn. (3.31)

2r 2 Lyn=o0: 3.34

rer i %)h=01 (3.34)

This di®erenial equationis solved by eigenfunctionsof the Laplacian (correspond-
ing to the eigervaluesO and | ' ?) while respecting the appropriate boundary condi-
tions (3.26) and (3.29) [DB03].1°

If oneconsidersa spheri@l colloid adheringto a uid memnbrane,the generalsolution
of Eqn. (3.34) may be obtained by exploiting cylindrical symmetry and introducing
a coordinate systemwith variables%:and A as depictedin Fig. 3.6:

h(l/) = h]_ + h2|n (1/2=) + h3|0(1/2=) + h4K0(1/2=) ; (335)

wherel, and K are the modi ed Besselfunctions of the rst and the secondkind,
respectively.

The function 14(%2=) divergesfor 2! 1 . Thus, if onewants the pro le to be °at
at in nit y, h3 = 0. Onealsohasto bearin mind that the energydensity should still
be integrable. This is not the casefor the In (¥2=) term. Therefore, h, also hasto
be zero.

The remaining coexcients can be determined by exploiting the corntinuity of the
pro le and the slope at the cortact line.!! One gets[DB03, Des04

Ko(¥2=) i Ko(ka=,)
Ki(ka=,) ’

h(*3 = j acosip + , tan o with k := sinpy :  (3.36)

This is the solution in the small gradiert regimefor the free interface. The higher
the anglep the worsethis approximation becomegqseeFig. 4 in Ref. [DB03]).

10 Note that the Egns. (3.29) are still relevant for the whole problem becausethe terms
and j PV, that were dropped out in (3.30), have no further in°uence on them.
1 The conditions K\, = j 1=aand Ky, = 0 are then automatically fulTled.

s A K

41



3 One colloidal particle at an interface
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Figure 3.6: Sphereadheringto a °uid memivane

Note that the last remaining boundary condition

r__

K?Iigll‘Ir 2_u; (3.37)

derived from (3.29), has not beentaken into accour yet. It is recovered automati-
cally if oneseardesfor true equilibrium shapesof the whole complexby minimizing
the complete Hamiltonian (3.30) via % = 0 [DBO03, Des04.

If %2= 0, which meansthat the menbrane is only characterizedby bending, one
can nd an analytical solution even for the nonlinear Eqn. (3.33): for every possible
angleof detachmen y, the free part of the membrane forms a catenoid, which is an
axially symmetric minimal surfacewith K = 0 at every point and thereforedoesnot
cortribute to the energy[Kre91]. Sinceadhesionenergyas well as bending energy
are now simply proportional to the areaof the sphere the colloid is either completely
wrapped by the membrane or not wrapped at all [Des04.

3.2.2 Membrane inclusions

Apart from adhering to an interface, colloidal particles may alsobe emiedde in it.
One typical exampleis a protein inclusion in a menbrane (seeSec.1.2.3).

Considera cone-shagd protein: one may model sud an inclusion asa circular disc
with radius a that simply imposesa xed cortact angle® on its circular boundary
(seefor instance[GBP93]). At the spot wherethe inclusion sits the membrane has
a \hole". Becauseof that, there is no needto include an adhesionenergyinto the
relevant Hamiltonian. For the samereason,the regionof integration, 8, is nolonger
simply connected. The Gaussiancurvature term (cf. Hamiltonian (1.10)), however,
can again be neglecteddue to the Gauss-Bonnettheorem: the gealesic curvature
Kg is xed at the cortact line due to the xed cortact angleand the integral over
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3.2 Colloidal particle bound to a °uid membrane

K s isthus atopologicalinvariant (seeApp. B.2). Therefore,Eqgn. (3.30) turns into:
Z
H=  dA (%+ 'EKZ) : (3.38)
§
The shape of sudh a membrane can be obtained in a similar way asin the previous
section. Now, howewer, the boundary condition is simpler: the derivative of the

heigh function h(¥} is equalto the xed cortact angle®. Onegetsin small gradiert
expansion

h(4 = j %Ko(a:,) + const: (3.39)
In addition, one may imposemore complicated boundary conditions for inclusions
that are anisotropic by locally xing the extrinsic curvature tensor at the positions
of the inclusions [BFO3, MMO02]. Here, we will, howewer, restrict oursehesto the
caseof dismidal inclusions

Furthermore, a protein may causea local changein thicknessof the menbrane bi-
layer if its hydrophobic part is smalleror larger than that of the bilayer (hydrophobic
mismatch) [DPS93. This e®ect,however, will alsonot be studied in this work.
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4 Forces between interface-b ound
particles

4.1 Interface mediated interactions

In the previous chapter we have examinedthe manner in which a single particle
deformsan interfaceto which it is bound. Conversely a deformationin the interface
can interact with a bound particle. A deformation eld createdby one particle at
the interface may thereforeinteract with a secondparticle which is also bound to
the sameinterface and spatially separatedfrom the rst one. The thereby induced
forcesare called interface mediated interactions.

In general, physical interactions between particles are mediated by elds: matter,
for instance, curves spacetimeitself; if it is charged, it will additionally interact
through the electromagnetic eld. Colloidal particles in suspensioncan also create
an e®ectie eld by distorting the order of an embeddingliquid crystal and thereby
inducing an interaction of a more indirect nature [GFS03 PSLW97].

Interface mediated interactions are an important, purely geometrical example of
sud interactions. At rst glance,it is not obvious whethertwo particles of a certain
shape and bound to a certain interfacewill attract or repel ead other: consider,for
instance,two identical sphericalparticles adheringto the sameside of an interface.
In the caseof a liquid-°uid interfaceincluding gravity the spheresattract ead other
[KN94]. If the interfacewere a tensionless’uid membrane and the particles wereto
adhereonly partially,! they would feel a repulsion?

One can nd caseswherethe circumstancesget even more confusing: considertwo
cylindrical particles adheringto the samesideof aninterface,suc asthe two sewing
needlesn Fig. 1 of the introduction. Let usneglectend e®ectsand restrict oursehes
to the casewherethe cylinders are parallel to ead other. We then obtain an e®ec-
tively one-dimensionaproblem, which exhibits a surprising feature: if oneconsiders
a liquid-°uid interfaceincluding gravity on the one hand, and a °uid membrane on
the other, one will seethat the shape of the interfacesis exactly the sameas long

! Note that we haveto arrangethings \by hand" sud asto avoid getting the equilibrium situation
of complete or zero wrapping (seeend of Sec.3.2.1), which would not lead to interface defor-
mations away from the sphere. This can be done, for instance, by making only one hemisphere
attractiv e with respect to the membrane.

2 The deformation of the free membrane due to one single spherecostsno energy (seeSec.3.2.1).
Bringing two spherestogether can therefore only raise the energy This leadsto a repulsion.
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4 Forcesbetweeninterface-lbound particles

°uid membr ane | °uid membr ane
without tension under tension

H=% (H = 5K?) (H = %+ 5K?)
no gravity + gravity | same opposite | same opposite

soap Im

cylinder ® © ® ® a ©
sphere ® © ® ® ? ?
inclusion | | a a a ©=4

Table 4.1: Signof the interactionbetweentwo identicalcolloidsdependingon interface
typeandcolloidalshape (© = attraction,® = repulsion©= = attractionor repulsion
dependingon the particles’ distance,® = no interaction,| = not relevant). In the
caseof the membyanethe paticlesmay eitheradhereto the sameor to opposite sides.
Note that pinningis not includedin this table becausethe sign of the force depends
stronglyon the shape and orientationof the pinnedcontactline (seeSecs4.3and6.1).

as the cortact angleis equalto Y4in both cases* But, although the shapes are
idertical, the forcesare not! Even the signis di®erern: Two cylinders on a liquid-

°uid interface attract ead other (seeFig. 1), whereastwo cylinders at the same
menbrane side feel a repulsion. This is understandableif one is clear on the fact
that the energeticsnot only determinesthe shag of the interfacebut alsothe stress
tensor (seeSec.2), which can be di®eren even though the shapes are the same.
The stresstensor, however, determinesthe forces,aswill be madeclearin Chap. 5.
These few introductory remarks serne to motivate our interest in the sign of in-
terface mediated interactions. In Table 4.1 an overview of possibleshape-interface
combinations is provided. For inclusions,the interactions are only known in linear
approximation, the questionmarks denote caseswvherethe signis not known at all.

Most of the situations depictedin the table will be consideredn the following: rst

by an energeticalapproad|whic h is the oneusedin the literature|land then by a
stresstensor approad, which is the new ideathis thesisis basedupon.

3 In the membrane casethis is a necessarnboundary condition (seeEqn. (3.26)); in the liquid-°uid
caseone hasto choosethe materials to be completely non-wetting.

4 One can seethat the shapes are identical for identical characteristic length scales,, = °, by
considering the two corresponding linearized shape Eqns. (3.15) and (3.34), which vyield the
sameheight function if one respectsthe appropriate boundary conditions for the two cylinders.
By changing to an angle-arclength parametrization (see[SBL91] for instance), which is more
corveniert than Monge in this case, one can shaw that the shapes are identical even if one
considersthe complete nonlinear problem.
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4.2 Forcesvia the energy

4.2 Forces via the energy

How canthe interface mediatedforce be calculatedfor a given situation? To answer
that question let us considerthe energeticsof a two particle system: its complete
enemgy is not equalto twice the enemy of the one particle system® It rather degends
on the relative positions of the two particles. Thus, a derivative of the enegy with

resject to the appropriate coordinates yields the interface mediated force.

In order to get the energyfor given particle positions, one hasto nd the energy
minimizing shape of the two particle-interface system rst. There is, howewer, a
major obstacle: the relevant eld equations are nonlinear di®erenial equations.
Even if the Hamiltonian density H only dependson quadratic invariants sud asin

the caseof the °uid membrane Hamiltonian (1.10), the interfaceis still curvilinear.

This is the reasonwhy it is usually impossibleto obtain exact analytical solutions.

Oneway to nd at leastapproximate shapesis to restrict oneselfto essetially °at

interfaces,which allows oneto parameterizethe surfacein Mongegauge,and expand
the height function and all other surfacequartities in a small gradiert expansion
(seeApp. B.3). Onethen getslinear di®erertial equationswhich can be solved by

Greenfunctions. The boundary conditions at the cortact lines, howevwer, also have
to hold (seeChap. 3). A superposition ansatzin the spirit of Nicolson[Nic49 that

superimposestwo single-particle solutions of the eld equationsnormally violates
theseboundary conditions. But, evenif one nds solutionswherethey arerespected,
it is not clearat all how the result can be generalizedo the full nonlinear situation.

Thus, the energy cannot be calculated in general. Consequetly, there is also no
chanceto di®erertiate it to getthe force. It is possible,however, to gain newinsights

by consideringstressesevenif the exactshapeis not known, certain symmetriesmay

be exploited to obtain exact formulas for the force, the sign of which is sometimes
evidert.

Before demonstrating that, let us discussthe energeticapproad a bit closerfor

the following situation, which we will restrict oursehesto in the rest of this work:

Consider a system of two identical colloidal particles bound to an asymptotically

°at interface, asis sthematically sketched in Fig. 4.1. The surfaceis enbeddedin

R3. We call the basis vectors of this three-dimensionalEuclidian spacefx;y;zg.

For the following we choosethe surfaceto be parallel to the (x;y) plane far away

from the colloids and align their certers alongthe x-direction sud that the origin

of the coordinate systemis exactly in the middle betweenthe two particles.

Here, and alsoin all other examplesin the following chapters, the focus will be on

interfaceswhosefree parts can be descrited by the Hamiltonian density.®

H = 3%+ 'EK2 : (4.1)

5 This is due to the fact that the energyis in generalnot a linear function of the proTe.
5 Note in particular that gravity will be neglectedby restricting the analysisto colloidal particles.
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4 Forcesbetweeninterface-lbound particles

yLX

Figure 4.1: Two identical particles bound to an interface. Note that each paticle
defams the interface;in-betweenthe particlesthesedefamationsoverlap.

For - 6 0 and %6 0, H describes an elastic symmetric °uid membrane under
tension. However, Hamiltonian (4.1) is alsoapplicablefor soap Ims (setting - = 0)
and tensionlessmemnbranes (setting % = 0). Remenber that the characteristic
length, marking the crosseer betweentension and bendingdominance,wasde ned
as, = =% (seeSec.3.2.1).

Considering essetially °at interfaces, the Hamiltonian (4.1) can be rewritten in
small gradiert expansion(seeApp. B.3, Eqgns. (B.52) and (B.53)) as:

z h% : |
H= dxdy E(r h)2 + E(r 2h)2 . (4.2)

Applying the generalapproad as described above one starts an analysis of this
Hamiltonian by determining the energyminimizing shape of the surfacefor a given
attachment of two particles, that is h(x;y). This can be doneby solving the shape
equation with the appropriate boundary conditions. After reinserting the resulting
height function bad into Eqgn. (4.2), the energycan be calculated, which will then
parametrically depend on the distanced betweenthe bound particles. A derivative
of the energywith respect to d yields the forcesbetweenthem. This program has
beenfollowedvery frequertly in the literature (seefor instance[SDJ0Q FG02,Wei03
WKH98]), which is why we will limit oursehesto a brief discussionof one example
below. Explicit results for speci ¢ situations can be found in Chap. 6 where the
guartitativ e comparisonto the stresstensor approad (seeChap. 5) will be drawn.
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4.3 Example: Two quadrupoleson a soap Im

(@) (b)

(©) (d)
Figure 4.2: Interactionof two quadrumleson water. The two polyamiderings are
kinked in sucha way that their contactline forms a quadrumle.

4.3 Example: Two quadrupoles on a soap Im

Let us now considerone brief examplehere: a soap Im where
Z

3
H = 5/“ dx dy (r h)?: (4.3)

The interface hasto fulll the shape equation, which in small gradiert expansion
becomeqseeEqn. (3.24))
r 2h(x;y) = 0: (4.4)

In Sec.3.1.2 we noticed that a spherical or cylindrical colloidal particle does not
deform the interface. Therefore, no deformation eld exists and the force between
two particles adhering to the interface must be equal to zero for all separating
distancesd (seeTable 4.1).

This changesif oneallows for pinning (seeSec.3.1.3). The height function canthen
be calculated in a similar way to Egn. (3.25): howewer, one now hasto integrate
over both contact lines. The forceis then obtained as descriked above.
Considertwo spherical particles with a cortact line that departs only weakly from
a circle and let us expand its shape in a multip ole series. The lowest multip ole
order that causesa nontrivial term in lowest order of the energyis the quadrumle
[FG02,SDJ0( (seeFig. 4.1 wherethe particles' cortact lines are quadrupoles).
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4 Forcesbetweeninterface-lbound particles

Fig. 4.2givesanillustration of sud asituation: two polyamiderings are carefully put

on a water-air interface. They are deformedin sud a way that their circumference
is a quadrupole in the above-meriioned sense:the red marking denotesthe axis
at which the ring is bert down, the black at which it is bent up. Both particles
deform the interface. As soon astheir deformationsoverlap they start to interact.

One obsenesthat idertical colors\attract” (as can be seenfor the red markersin

Fig. 4.2).

One might suspect that the weight of the particles is the driving force, just asin

the caseof the two °oating sewingneedles(seeFig. 1 of the introduction). This is,

howewer, not true: by carefully pushing one of the markers of one quadrupole to a
same-colomarker of the other quadrupole, one can easily ched that red and black

markings actually repel ead other. This shows that gravity is not the dominart

e®ectbecausdt shouldresult in an attraction irrespective of the quadrupole orien-
tation. Although macroscopicthe model systemin Fig. 4.2is thereforeappropriate
to demonstrate forces between colloidal particles. Note also that electrostatic or

magneticinteractions can be excludeddue to the material of the rings.

In Sec.6.1 the interface mediated forcesfor that particular casewill be calculated
explicitly in order to understandthe experimertal obsenations mertioned here. In

the samechapter, calculationsfor other exampleswill alsobe preserted.
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5 Forces via the stress tensor

5.1 General approach

Apart from di®erertiating energiesinterface mediated forcescan alsobe expressed
via integralsover the surfacestresstensor. Beforediscussinghat approad, howe\er,
let us shortly summarizewhat hasbeenadcieved sofar: in the rst chapter, we have
learnedhow freeinterfacescan be descriked and sortedaccordingto their energetics.
In Chap. 2, we have consideredstressesn interfacesand have found an expression
for the total internal force on a strained surfacepatch 8 in terms of the surface
stresstensor f : 7 |

Fg,= dATr ,f?= ds l.f 2 ; (5.1)
§o @o
where | = |2e, is the outward pointing unit normal to the boundary curve (see

Eqn. (2.3)). We then have derived expressiondor the surfacestresstensor of most
of the interfacesdiscussedn Chap. 1.

In Chap. 3, it hasbeenexplainedhow the shape of the interface can be determined
if one colloid is bound to it. This gave us the tools for studying the energeticsof
interface mediated interactionsin Chap. 4.

With all of this being done, it is now quite easyto formulate the problem in terms
of the stresstensor. Consider Eqn. (5.1) again: it is by de nition clear that the

total force must be zeroin equilibrium if there are no external stressesacting on

8. The situation changesas soon as external stressesact: a sourceof stress,e.g.

a colloidal particle adheringto a part of 8, can causea non-zerototal force on
the patch. Note that this force can be calculated asthe line integral of the surface
stresstensoralongany curve including the sourceaslong asit is closedand encircles
only this particular source,becausehe stresstensoris divergene free (seeChap. 2,

Egn. (2.21)).t

These general considerationscan be applied to special situations of interface me-
diated interactions between colloidal particles: let us look again at two identical

1 Contrary to colloids, which act locally, a pressuredi®erenceP acrossthe interface constitutes a
continuous sourceof stress. However, we have seenthat in this caseit is possibleto de ne a new
stresstensor £ © which is again divergencefree (seeEqn. (2.27)). This should allow a treatment
of the interaction problem similar to the caseswithout excesspressurebut in the presert work
we will not follow up on this program.

51



5 Forcesvia the stresstensor

'_\

Figure 5.1: lllustration of how the force on one of a pair of particles boundto an
interfaceis givenas a closedline integral of the surfacestresstensa. The contourcan
subsequentlppe defamedto exploitthe symmetryof the situation.

colloidal particles bound to an asymptotically °at surfaceasin Chap. 4. The co-
ordinate systemis the sameas beforewith the certers of the colloids being aligned
along the x-direction sud that the origin is exactly in the middle betweenthe two
particles (seeSec.4.2 and Fig. 5.1).

A situation like that can only be stationary if external constraining forces x the
particles' positions (see Sec. 4.2). Theseforcesare the sources of stressone actually
picks up while integrating. Howewer, we want to know the force acting on one of the
particles if there were no constraining forces. An additional minus sign stemsfrom
this.

Note alsothat only the semration of the particles shall be xed. Their height and
orientation are free to change and therefore equilibrate. The same holds for the
cortact lines betweensurfaceand colloid.

The calculation of the forcesbetweenthe two colloids can be simpli ed if the situa-
tion displays one of the two following symmetries: either a symmetry plane, which
is equalto the (y; z) plane (symmetric situation) or a twofold symmetry axis, which
coincideswith the y axis (antisymmetric situation), exist. The symmetric caseis,
for example,presen if the two particles adhereat the sameside of the surface,the
antisymmetric oneif they are at opposite sides(seeFig. 5.2).

If we restrict ourseles to sudh con gurations, we can exploit the fact that the
cortour of the line integral (5.1) can be deformed: as it is sketched in Fig. 5.1,
the cortour can be pulled open wide enoughsud that the surfaceis nally °at at
branches2, 3, and 4 and the stresstensor thus very simple. The cortributions from
branches 2 and 4 will in fact cancelead other; the only mathematically involved
term stemsfrom branch 1. An integration asin Eqn. (5.1) yields the force on the
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5.2 Explicit force formulas

Figure 5.2: lllustrationof the geometryof a symmetrig(solidline) andanantisymmetric
(dotted line) two-paticle attachment. The symtol *  denotesthe angle betweenthe
surfacenarmal n andthe z axis.

colloid. In all of the following it will bethe forceon the left particle which is actually
calculated, but due to Newton's third law this forceis of courseequal and opposite
to the force on the right particle.

With this in mind, the generalapproat can now be turned into exact analytical
expressions.

5.2 Explicit force formulas

Let usfocusagainon the caseof an elasticsymmetric °uid menbrane, descrited by
the Hamiltonian density

= Y+ 'EK2 : (5.2)
From Table 2.1, onereadso®the assiated surfacestresstensor:
h . [
1 ¢
fa= .'Kab; éKgabKi Yo eyi - (r *K)n : (5.3)

The force on the left particle will be calculated in a coordinate system with the
(orthonormal) tangernt vectorsft;lg asbasisvectorson the cortour, wheret = t2e,
points alongthe integration line and | = 12e, points normally outward (seeFig. 5.1).
This simpli es the relevant quartities: the extrinsic curvature tensor is diagonal
along brandh 1 becausethis brand is a line of curvature now due to the symmetry.
Thus, the principal curvatures are equalto K, = 131°K 5, and K = t3tPK 4.

For the force on the left particle stemming from branch 1 (seeFig. 5.1) one gets
accordingto Egns. %5.1) and (5.3):

Fi1 = j dsl,f?
Vi Yon .
= j ds .

1

i ¥,
an. 1, 0% 3 bI . a 4.
Y Gl §K| Ki 3° epj -(Iar K)n . (54)
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5 Forcesvia the stresstensor

Recallthat the minus signout front comesfrom the fact that the interface mediated
force on the particle is opposite to the external force necessaryto courterbalance
it (cf. discussionin Sec.5.1). The rst term of the integrand can be rewritten by
exploiting completenessgg = 1,1+ tpt®:

|aK abeb

1K 22(II° + tpt%) e
|a|bK abl + |atbK abt

wherel,t,K 2 = 0 becausethe integration runs along a line of curvature. Further-
more,onede nesr , = l,r 2 = @@ With this, Eqgn. (5.4) turns into
Z Yon i 1 ¢ i E7Z
Fi1= ds -K?iéK Ki%lj - -(r,K)n : (5.6)
1
Sincethe trace K of the extrinsic curvature tensorcanbe written asK = K, + K,
this simpli es the force further to

4 1/ . 3/
7%

plan N i .
1 ¢ ¢
Fi=i ds = K2;KZi%li 'r.Kn |[: (5.7)

This equationis oneof the certral resultsof this work. In orderto understandits im-
plications better, let usnow look separatelyat the two di®eren possiblesymmetries:
either a symmetry plane (symmetric situation) or a symmetry axis (antisymmetric
situation) exist (seeFig. 5.2 and discussionin Sec.5.1).

The symmetric case

Let us rst considerthe symmetric case:tangert and normal vector on branch 1 lie
in the (y; z) plane,hencel = x (wherex is the unit vector pointing in the horizortal
x-direction). The derivative of K in the direction of | alongbranch 1,r > K, is zero
due to mirror symmetry. On branch 3 the surfaceis °at and thus the stresstensor
isequalto f .3 = | ¥&,. With this information the total forceF ; + F 3= FgynX 0N
the left particle can be written as:

Vi
=

i ¢
ds K2 K2

Foym = Y8 L > ; (5.8)
1

where¢ L > 0 is the excesdength of branch 1 comparedto branch 3.

The cortribution due to tension is attractiv e: it is positive, points therefore into
the positive x-direction and thus towards the other particle. Unfortunately, the
curvature cortribution has no evidert sign in general. Howewer, for two parallel
cylinders adheringto the sameside of the interfacethe overall signbecomesbvious,
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5.2 Explicit force formulas

Figure 5.3: Two cylindersat opposite interfacesides. The vecta f , is the surface
stresstensa at the midline,e, the outward pointing unit narmal to the midline,which
is alsotangentialto the surface,andf., isthe projectionoff , ontoe-.

aslong asthe particles are long enoughsud that end e®ectscan be neglected:the
cortribution K2 then vanishesbecausethe mid-curve becomesa line. For the same
reason¢ L = 0. This leadsto the formula

1

Fsymey =L = i E'K 3 ; (5.9)

wherelL is the length of onecylinder. Thus, the two cylinders repel eat other.

The antisymmetric case

In the antisymmetric casebranch 1 is a twofold symmetry axis and thereforea line;
henceK = K, = 0. While the signofr , Ky is not obvious, the derivativer , K- is
smallerthan zerobecause&K , changessignfrom positive to negative. The pro e on
the midline is always tilted by the angle' (s) in the direction indicated in Fig. 5.2,
becausesituations with more than one nodal point in the height function between
the particles are expectedto have higher energies.The horizortal separationof the
particlesis xed; other degreeof freedom,suc asthe heigtt or the tilt, are allowed
to equilibrate (seeSec.5.1). The force on the left particle is thereforeagain parallel
to X, F antisym = Fantisym X, @nd given by
I ¢ i o
Fanisym = ds % cos (s)i 1 j -sin' (s)r » Ko + K |} (5.10)
1

whereit wasexploitedthat x ¢I = cos' andx ¢n = j sin' at the midpoint. Note
that the tension cortribution is repulsive this time but the sign of the curvature
term is again not obvious.

If we restrict oursehesto the caseof two parallel cylinders at opposite sides of the
interface, howeer, then r , Ky is equal to zero. Furthermore, jf ,j is constart on
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5 Forcesvia the stresstensor

eat of the three menbrane segmets. The stresstensorat branch 1, f 7 = f .,
must be horizontal to the x axis becausevertical componerts equilibrate to zeroas
mertioned above (seeFig. 5.3). De ning e, := | at branch 1, one can write:

fe, =17 Gy = (f7 CX)(X Ce5) : (5.11)

From this it follows that f > ¢x = sign(fe, =x ¢e»)jf ’j. We know that x ¢e, =
cos > Oandfe, = j %< 0. Therefore,we nd f? = jj f ?jx at the midpoint.
This reducesEqgn. (5.10) to

o Y
I:antisym,cyl =L = Jf i Ya= Y% + ( ro K?)Zi ?/4, O; (5-12)

which now implies particle attraction. The length L is again the length of one
cylinder.

Egns. (5.8){(5.10) and (5.12) are the promisedanalytical force formulas which link
the force of interaction betweentwo attached particlesto the geometry of the surface
at the midplane betweenthem. It is worth to reemphasizeahat they are exact even
in the nonlinear regime. To ched their validity in full generalily is thus dixcult,
becausebasically no analytical results are known in the nonlinear case.In the next
chapter, in which sud a ched shall be performed,we will thereforecortent oursehes
to a comparisonwith analytically known resultsin the linear small gradiert regime.
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6 Comparison between the
approaches

The idea of this chapter is to illustrate the validity of the general stresstensor
approad by focusingon a few important examplesof two particles being attached
to either a soap Im (seeSec.6.1) or a menbrane (seeSec.6.2).
The following problemshave already beenconsideredn Refs.[SDJOQ FG02, Wei03
WKH98] wheretheir energeticshave beenstudied. Note, howewer, that this wasonly
donein the small gradiert regime, using the Hamiltonian
VA hy, _ i
H= dxdy E(r h)? + E(r h)?2 (6.1)

and appropriate valuesfor %and - (seeEqn. (4.2)).

To draw a quartitativ e comparisonbetween the results of the literature and the
onesof the stresstensor approad, the force can be calculated in two ways: rst,

by di®erettiating the energy found in the literature with respect to the particle
separation following the energy approad as it is explainedin Sec.4.2. Second,
by inserting the given height pro e h(x;y) into the force formulas derived in the
previouschapter. In all caseghe outcometurns out to give coinciding results, which
validates our new formulas, at leastin the linear regime.

6.1 Soap Im type

For soap Ims, - = 0 and we have

Ya

H= > dx dy (r h)?: (6.2)
In Sec.4.3we found out that two sphericalor cylindrical particleson a soap Im do
not interact with ead other if their attachmert to the Im is governedby a simple
stress-adhesiomalance(Young-Dup® equation). For symmetric and antisymmetric
con gurations this can be con rmed via the stresstensor approad: considertwo
parallel cylindrical colloids adheringto the sameside of the soap Im (symmetric
situation). Equation (5.8) statesthat the force is then proportional to the excess
length if one neglectsend e®ects. The excesdength, howewer, is equal to zero as
long asthe cortact lines are straight. Therefore, the forceis also zero. Likewise,in
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6 Comparisonbetweenthe approates

Figure 6.1: Coordinateschoserfor onequadrumle (seenfrom above)

the antisymmetric situation the soap Im betweenboth cylindersis °at aslong as
the verticle particle positionscan equilibrate. Therefore,' (s) = 0 (seeFig. 5.2) and

Eqn. (5.10) yields zerofor the force, just asin the symmetric case.In an analogous
way one obtains the sameresult for the caseof spheres.

Let us now considerpinning again and restrict oursehesto two spherical particles
with radius a and a cortact line that only weakly departsfrom a circle (cf. Sec.4.3).

Stamou etal. [SDJOQ have studied this caseby using a superposition ansatz in

the spirit of Nicolson [Nic49: rst, the height function of one isolated particle is

calculatedwith the correctboundary conditions. Then, the completeheigh function

is assumedo be the sum of the two single-particle elds of eah of the two colloids.
Strictly speaking, this approat destroys the boundary conditions at the particles’

contact lines but it givesthe correct result in leading order in the limit of large
separation! Using polar coordinates ¥2and A, the solution of the shape Eqn. (4.4)

for a single spherecan be written as[SDJOQ

. ‘a X P ‘am
hsphere(l/zA) = A0|09 1_/2 + Am COS[m(Ai Am;O)] 1_/2 ; (6-3)
m=1

with multip ole coexcients A, and phaseanglesA,.o. The former canbe determined
as follows: The monopole Ay vanishesbecausethere is no external force sud as
gravity dragging on the particle. The dipole coexcient A; parameterizesthe tilt
of the contact line relative to the z axis; it also vanishesif there is no external
torque acting on the sphere. All higher multip ole coexcients can be read o® from
the Fourier expansionof the cortact line at 2= a, in particular the quadrupole
coexcient Q := A,. It isintuitiv ely obvious and indeedcon rmed by a more careful
calculation [FG02, SDJ0O0] that the quadrupole is the lowest multip ole order that
causesa nontrivial term in lowest order of the energy

! Note that it is also possibleto solve the shape equation exactly in small gradient expansion
[FGO2]. However, both calculations yield the sameenergyin lowest order. Therefore, the easier
approad is preseried here.
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6.1 Soap Im type

2
\

Figure 6.2: Two quadrumleson a soap Im (seenfrom above)

One can therefore restrict the calculation to the single-particle height function
[SDJOQ

Nanere(4R) = Qeod2(Ai Ao)) & (6.4

where Ay := A, is the angle that represens the rotation of the particle about z
(seeFig. 6.1).

If the completeheigh function is then just a superposition as mertioned above, the
force on the left particle in lowest order is given by [FG02, SDJO(

I:sym,soap = I:antisym,soap = 48/%K) @X (6.5)

for a symmetric (Aya = i Agg) and an antisymmetric (Apa = 0; Ay = ¥&2) situa-
tion, respectively (seeFig. 6.2). Note that this outcome coincideswith the experi-
mertal ndings in Sec.4.3.

We now want to derive this result using the alternative stresstensor approad.

Symmetric situation

Let us considerthe symmetric case rst. Accordingto Eqgn. (5.8) the excesdength
of branch 1 comparedto branch 3 must be determined. This can be written as

nZi=2 hg__ o
— ; 2(0- .
¢L LI!{n " dy 1+hg(0y)i 1
3Z -, n o
— H 2(n- 4 .
= lim dy éhy(O,y) + O[(r hYY (6.6)
: i L=2
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6 Comparisonbetweenthe approates

In Cartesian coordinates one gets for the height function at the symmetry line
betweenboth patrticles:

h(0;y) = 2Q cos{Z(arctang + Agp)] Ziz 7

4

(6.7)

By di®erettiating with respect to y and inserting the result into the small gradiert
term of Eqgn. (6.6) one obtains

h [

L
¢L = lim 96Q2 arctana+ o(L" Y
,a
= 48Q7 (6.8)

which yields the sameattractiv e force as Egn. (6.5) onceEqn. (5.8) is applied.

Antisymmetric situation

In the antisymmetric casethe force can be calculatedaccordingto Eqgn. (5.10):
hZ - 3 i
I:antisym,soap = Ylim dy ntézi 1
L L=2
hZ -2 3 i
Yalim dy p— i 1
L i L=2 1+ h2(0;y)
hZ (-2 3 1 i
= ¥lim dy —h2(0 y)+ O[(r )Y (6.9)

|
L =2

For the part of the height function betweenboth particles one gets:

n cos[2(arctan - Tox -] cos[2(arctan s2— 0 x )]0

. — 2 .
h(x;y) = Qa o+ (@7 X)2 Ly )2 : (6.10)
which implies for the derivative with respectto x at x = 0:
32Qa%d(d? | 12y?
he(0;y) = i Qad(d i 1%7) . (6.11)

(2 + 4y2)3

Inserting this into the small gradiert expansionof Eqn. (6.9) yields a repulsive force
which againis the sameasin Eqn. (6.5).

6.2 Fluid Membrane type

For a °uid menbrane the completeHamiltonian (6.1) is relevant. Let us study two
di®eren situations, previously looked at in the literature [Wei03 WKH98]. two
parallel adhering cylinders and two discoidalinclusions.
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h(x)

-

Figure 6.3: Two cylindricalcolloidsadheringto a membrane

6.2.1 Adhering cylinders

Two parallel cylinders may adhereto a menbrane either in a symmetric situation
(cylinders at the samemenbrane side) or an antisymmetric situation (cylinders at
opposite menbrane sides).

If they are long enoughsud asto neglectend e®ects,the height function of the
surfaceonly dependson onevariable, x. The shape Eqn. (3.34) then turns into

@’°@ 1
@ @i > h(x)=0; (6.12)
for which a generalsolution is
h(x) = B1+ Box + Baexp(i ~) + Baexp(") : (6.13)

Respecting the boundary condition of cortinuousslope (contact angleequalto %4 cf.
Egn. (3.26)) yields a height function for the inner region betweenthe two colloids
and the outer regionsright and left of the two colloids, respectively. The total
energycanthen be obtained by adding the energiesdue to the di®eren regionsand
additionally including the adhesionenergy[Wei03.

Same membrane side

In the symmetric case the author of Ref. [Wei03 shavsthat (againin small gradiert
expansion)
(- + 2R?W)*(1+ tanh J)

Esym,cyl(d) =i A" IR 2 ;

(6.14)
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6 Comparisonbetweenthe approates

as the result for the energy per unit length of the cylinder. In this exBres_sionR
is the radius of one cylinder, u is the adhesionenergy per area,, = =% the
characteristical length rst introducedin Eqgn. (3.31), and d the distance between
the two certers of the cylinders (seeFig. 6.3). To get the force per length L of the
left cylinder, Egn. (6.14) must be di®eretiated with respect to d:?

(- + 2R?%u)?
F L= - - - 6.15
sym,cyl | 38R ZCOSH 21 ( )
We can now turn our focus once more to Chap. 5 in order to calculate the force
via the stresstensor approad. Rewriting the relevant Eqgn. (5.9) in small gradiert
expansionyields (seeEqn. (B.54a)):

1
Foymeyi=L = i z-h 2 (0): (6.16)

We needto determine the height function in order to calculate the force. From
Ref. [Wei03 one derives

-+ 2R2u) cosh*
h(x) = ( ) 3 + const: (6.17)
2YR coshz-

Accordingto Egn. (6.16), the secondderivative with respectto x at x = 0 must be
determined, which is
_ (- +2R%)

hy(0) = —-——:
©) 2R cosh

(6.18)

Inserting this into Eqn. (6.16) immediately yields the sameforceasthe onethat has
beencalculatedin Egn. (6.15).

Opposite membrane sides

For two cylinders at opposite sidesof the menbrane, the energyis given by [Wei03

(- + 2R%u)’(1+ coth )

Eantisym,eyt (d) = i T R2 ; (6.19)
which leadsto the force?
_, _ (- +2R%u)?
I:antisym,cyl =L = m . (620)

2 The direction of the force is always opposite for the two particles. Hence,if onewants to encade
this information in the sign, an additional minus signis neededfor the left particle, sinceit moves
to the negative x-direction upon repulsion and to the positive upon attraction, respectively.
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6.2 Fluid Membranetype

Figure 6.4: Contactangles®, and ®;

The small gradiert expansionof Egn. (5.12) is
1 B.54a) 1
Famsymon =L = 5+ (1 7K2)2 27 2 L1 (O (6.21)

Taking again the height function from Ref. [Wei03 one arrivesat

(- + 2R?u)sinh*

h(x) = 6.22
) 2YR sinh & (6.22)
which yields
(- + 2R?u)
hyx (0) = ———— 6.23
oo (0) 2% 3R sinh & (6:23)

Inserting this result into Eqgn. (6.21) reproducesresult (6.20).

6.2.2 Discoidal inclusions

The last situation we want to consideris that of two discoidalinclusionsin a mem-
brane, which canbe understood asa simple model for protein transmentbraneinclu-

sions. This problem hasbeenstudied extensiwely in the literature, with and without

tension (seee.qg. [GBP93, WKH98]), becauseof its relevancefor the aggregrational
behaviour of proteins (seeSec.1.2.3).

The discsare assumedto have radius a and are connectedto the menbrane along
a horizontal circle with xed cortact angles®, and ®; (seeFig. 6.4). The distance
d will measurethe separationof the certers of thesecircles.

Without tension

The Hamiltonian in this caseis again a special caseof Eqn. (6.1). Now, %= 0:

z
H = 5 dx dy (r 2h)?: (6.24)

The caseof two discsin a membrane at vanishing tensionwas rst investigatedin
Ref. [GBP93. We will usethe results of Refs.[WKH98], wherethe heigh functions
are stated explicitly.
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6 Comparisonbetweenthe approates

Figure 6.5: Two discoidalinclusionssepaated by a distanced (seenfrom above).

Note that particle A is on the left and paticle B is on the right hand sidewhereasn

Ref.[WKH9§ paticle 1 is on the right. Note alsothat the anglesA, andAg are chosen
in accadanceto A, and A, of Ref. [WKH9§.

Let us focus again on a symmetric (®& = ® = ®) and an antisymmetric situa-
tion (®y = | ® = ®). In both casesthe interaction energyis given by [WKH98,
Eqn. (16)] (in lowest order a=d):

a4
Eno ten,inc (d) = 81/4@2@ ; (6.25)
which leadsto the horizontal force (seefootnote 2, p. 62)
a4
& :
The height function in Cartgsian coordinates can be deducedfrom [WKH98] to be

Fro teninc = i 32/®2 (6.26)

hs(X;y) = Ci; InYa8In% + C, § cos2A, + cos2Ag
cos?A,  cos2Ag
S
where the coezcients are (omitting third and higher ordersin a=d: C; = @®a,
C, = (®a®)=c? and C; =  (®a®)=2d?. The symmetric solution is denoted by h.,,
the antisymmetric by h; .
The polar coordinatesrelated to the certer of projection of the respective inclusion

on the (x,y) plane can be expressedn terms of the Cartesian coordinates x and y
(seeFig. 6.5):

3
+C; 8 + const; (6.27)

r r

a a
o o

2

d d
Ya = y2+ R Vo= y2+ 51 X (6.28)
Ay = arctan y : Ag = Y4 arctan y (6.29)
2+ X 2|
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6.2 Fluid Membranetype

For the symmetric situation Eqgn. (5.8) must be applied. In small gradiert expansion
one gets (seeEqns. (B.54a) and (B.S%b)):
1 +1 h |
Fro tenjinc+ = i 2 dy h>2(x O:y) i hsy(O;y)

il
a4
&
In the antisymmetric casethe force must be the sameas we can prove by rewriting
Eqn. (5.10) in small gradiert ezxpansion(seeEqr?s. (B.54a) and (B.54ti))):
+1
Froteninc,i = - dy hy(0;y) hux (0;y) + hyyx(0;y)

il

= | 32v/4®2

= | 32%®2 (6.30)

a4
&
Theseresults again show the equality of the two di®erert methods.

(6.31)

Including tension

We now considerthe complete Hamiltonian (6.1). The energyfor small a=d and
a=, < 1is given by [WKH98]

h 2 [
a? d a d
Eten,inc,s (d) = 21/4®2—2 § Ko( )+ SKI(=) (6.32)
which correspndsto the force (seefootnote 2, p 62)
2a2n d az d)
I:ten|nc§ = 2Y4® 1( )l _KZ( ) Kl( )+ KS( ) ; (6 33)

where § stands for the symmetrlc and the antlsymmetrlc S|tuat|on respectively.®
The functions K, are the modi ed Besselfunctions of the secondkind. It can be
readily chedkedthat Eqns. (6.32) and (6.33) turn into Eqns. (6.25) and (6.26) in the
limit of zerotension, asthey should.

The height function for this last caseis accordingto [WKH98]

1,
hs(xy) = Di K o(—“)é Ko(—)
+ (—) COSAA + K (—) cosAB
h i
. COSAA cosAg
+ D3 Ya Y

h :|_/A . ]/g . i
+ D; 8 Ky(—)cos2A, + Ko(—) cos2Ag
h 5, L I 5
COS2An C0S2As
+ Ds § 3 + 7 + const; (6.34)
3 Note that the force in the symmetric caseis repulsiveat all distances whereasinclusionsin the
antisymmetric caserepel ead other at small separations,but attract ead other at larger ones.
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with the coexcients: Dy = | ®a, D, = | 1@%5K4(9), D3 = | 1D,¥Ky(2), Dy =
i ®a—§K2(9) andDs = %D4£K3(§) in lowestorder a=dand for a=, < 1. The polar
coordinates¥a, Y&, Ax and Ag are de ned asin Eqns. (6.28,6.29)(seeFig. 6.5).
We nally apply our ansatzto this last situation. In the symmetric case(®, =
® = ®) the forcein small gradiert expansionis:

Z.1 ny, h io
Fennce = dy SO 1 5 L)1 MOy (6.35)
I

The calculation to obtain this force is unfortunately rather involved. We can, how-
ewver, get a result for small a=dand big d=, by performing a Taylor expansionof the
Besselfunctions: we thereby obtain the rst term of Eqn. (6.33). Regrettably, the
secondterm is then overshadaved by the next ordersneglectedin our expansion.
In the antisymmetric case(®, = | ®& = ®) the forceis given by

2410y, h i0
Fteniinc,- = dy 511)2((0;3/) + - (0;y) hyx (0;y) + hyyx (0;y) : (6.36)
il
If we goaheadand perform the sameTaylor expansionasin the symmetric situation,
we again arrive at the rst term of Eqgn. (6.33) but not at the secondone, for the
samereasonas above.
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7 Conclusions

The principal aim of this thesis has beenthe introduction of a new approad for

obtaining exact results for interface mediated interactions. The key ideasand ex-

pressionsof this approad can be found in Chap. 5. Although it is specializedto

°uid menbranesin this cortext, it is actually far more versatile: one can apply the

certral strategy to any interface whoseenergeticsis determined by a Hamiltonian

such asthe onein Eqn. (1.1). Furthermore, it is fully covariant and thereforenot re-

stricted to a particular surfaceparametrization like Monge. Its resultsare alsovalid

for large deformationsasthey areindeedfound in experimerts [KRS99, whereashe

approad via the energetics(seeChap. 4) hasonly producedlinear approximations

for the forcesin almost all calculationsfound in the literature. Within this linear

regimeboth programsare consistert.

It should be stressedagainthat the new method is not a substitute for solving the

nonlinear eld equations. Instead, it shows that it is possibleto gain information

without the needto solve the shape equationsexplicitly by linking the geometry of

the interface to the forces mediated by it. This can be an advantage becauseit is

sometimeseasyto guesscertain properties of the overall geometry, while correspnd-

ing guessesbout the surfaceenelgy may not be equally straightforward to make.

In somecasesthis approad ewven yields the sign of the interactions, for instance,
if two parallel cylinders adhereto a °uid membrane. At the very least, it provides
non-trivial consistencyconditions for analytical calculations.

Onecannow proceedand combine the stresstensorapproad with any other analyt-

ical or numerical method which determinesthe surfaceshape. This is, for instance,
possiblewith the program \Surface Evolver" [Bra04], which can nd surfacesthat

minimize a prescribed surfaceenergyfunctional. The surfaceshapesof Fig. 4.1,5.1,

and 7.1 were actually calculatedwith this program.

This thesis has just consideredpair forces. If one wants to calculate interactions

between more than two particles, it is important to remenber that these are not

simply expressibleas a sum of the pair interactions. The superposition principle

doesnot hold due to the nonlinearity of the theory.

This, howewer, posesno ditcult y for the stresstensor approat becausethe un-

derlying relation between surfacegeometry and force doesnot depend on whether

or not a pair-decompsition is possible(seeFig. 7.1). For certain symmetric situa-

tions a clewer choice of the cortour of integration may again yield force expressions
analogousto thoseobtained in Sec.5.2.

Multi-b ody e®ectsbecomeparticularly important, if one considers2D bulk phases
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t X

Figure 7.1: Three-tody interactions.The force on oneparticle canbe obtainedasusual
by integratingthe surfacestresstensa alongthe line of integration(cf. Eqn. (2.3)).

like a systemconsistingof many particles that adhereto the sameside of an inter-

faceand repel eat other. To determine state variableslike the lateral pressureone
may think about usinga cell model likeit is used,for instance,in nonlinear Poisson-
Boltzmann theory [DHO1]. The reasonfor that is that the situations are quite sim-
ilar: Consideran overall neutral 3D systemof likely charged colloids together with

the appropriate number of oppositely charged courterions. In Poisson-Boltzmann
theory thesecourterions are replacedby a chargedensity, which is treated in a mean
“eld way. The colloids will typically organizesuc asto keepthemsehes mutually

apart. One can then partition the volume into cells, ead containing one colloid.
Every cell has essetially the samevolume and is neutral by construction, which

meansthat di®eren cells do not signi cantly interact with ead other. The cell
model then considersjust one cell and calculatesits free energyin dependenceof
the cell volume by solving the Poisson-Boltzmannequation. If one wants to know
the pressurein this system,onehasto di®ereniate this free energywith respect to

the cell's volume. Remarlably, this turns out to lead to the simple \recipe" that

the pressureis just given by the ion density at the cell boundary times the thermal
energykg T.

In analogyto that, onemight alsopartition the interfaceof the 2D bulk systeminto

two-dimensionalcells. Instead of solving the Poisson-Boltzmannequation, one now
hasto nd a solution for the appropriate shape equation. Due to the nonlinearity,

one cannot get analytical results in generalaswe have seenin this work. It should
be possible,howewer, to considerthe stresstensor at the cell boundary and relate
geometricalproperties at the boundary to the lateral pressureof the system.

68



A Conventions and used symbols

Conventions

The indicesfa;b;c;d;eg run from 1 to 2, whereasfi; jg 2 fx;y;zg. Note that the
sum corvertion is usedin this thesis: if anindex occurstwicein a product, onceasa
superscript and onceasa subscript, onehasto sumover that inde1\_<,from 1to 2ewen
though no explicit summationsignis presen. The equationK = i;tpl 92°K ap, for
instance, turns into K = g2°K 4.

Used symbols

The symbolsin the following list are orderedalphabetically with roman letters rst,
followed by miscellaneoussynbols and Greek letters. Referenceis made to their
‘rst appearancein the text and, in somecasesto further information.

In Chap. 3 the bar (1) denotessubstrate properties. The synmbol K ,,, for instance,
is the curvature tensor of the substrate.

Note alsothat a few symbols are not listed dueto the fact that they can be derived
from the symbol that onegetswhenleaving out the sub- or superscript. The symbol
F ., for instance,is a force becauseF is a force (seelist).

a radius of a sphericalparticle/bubble (Sec.1.1.2,p. 9) or
discoidalinclusion (Sec.3.2.2,p. 42) or circle (App. B.2, p. 83)

ao e®ectie head group areaof an amphiphile (Sec.1.2.2,p. 11)

a spatial translation vector (Sec.2.2.1,p. 21)

A;B particle identi ers (Fig. 6.2, p. 59)

Aog;:iiAn coezxcients in the height function in the caseof two particles
on a soap Im with a pinned cortact line (Sec.6.1, p. 58)

dA areaelemen (Sec.1, p. 4; seealsoApp. B.1, p. 77)

dA; jth componert of the vectorial areaelemen (Sec.2.1,p. 17)

CA @A small surfacepatch and boundary of this patch, respectively
(Sec.2.1,p. 18)

b unit binormal vector of a curve (App. B.1, p. 79)

Bi::::Ba coexcients in the height function in the caseof two cylinders

adheringto a membrane under tension (Sec.6.2.1,p. 61)
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boundary curve (Sec.3.1.3,p. 38)

coezxcients in the height function in the caseof two discoidal
inclusionsin a menbrane without tension (Sec.6.2.2,p. 64)
distance betweenthe certers of two colloids (Sec.4.2, p. 48)
coexcients in the height function in the caseof two discoidal
inclusionsin a menbrane under tension (Sec.6.2.2,p. 66)

set of tangert vectorson the surface(Sec.2.1, p. 18; seealso
App. B.1, p. 75)

outward pointing vector tangertial to the surfaceand normal
to the midline betweenthe two colloids (Sec.5.2, p. 56)
potertial energy(seeSec.3.1.2p. 35)

in nitesimal energy(Sec.1.1.1,p. 5)
Euler-Lagrangederivative (Sec.2.2.1,p. 20)

projection of f ? onto e, (Sec.5.2, p. 56)

componerts of f 2 in the local framefe,;ng (Sec.2.2.1,p. 22)
surfacestresstensor (Sec.2.1, p. 17)

force of constrairt (per length) (Sec.3.1.1,p. 33)

normal force (per length) (Sec.3.1.1,p. 34)
surfacestresstensor at the midplane betweenthe two colloids
(Sec.5.2,p. 56)

surfacestresstensor written asa pair of vectors(Sec.2.1, p. 18)
rede ned surfacestresstensor (Sec.2.2.1,p. 23 and
Sec.2.2.2,p. 26, respectively)

absolutevalue of a force (Sec.1.1.1,p. 5)

force (Sec.2.1,p. 17)

scalarfunction de ned on the surface(App. C, p. 89)

metric determinart (Sec.2.2.1,p. 19; seealsoApp. B.1, p. 77)
or accelerationdue to gravity (Sec.3.1.2,p. 35)

metric tensor (Sec.1, p. 4 ; seealsoApp. B.1, p. 77)

matrix consistingof the componerts of g, (App. B.1, p. 77)
Greenfunction (Sec.3.1.3,p. 38)

Einstein tensor (Sec.2.3, p. 28)

coexcients in the height function in the caseof one sphere
adheringto a membrane under tension (Sec.3.2.1,p. 41)
height function in Monge parametrization (Sec.3.1.2,p. 35; see
alsoApp. B.3, p. 84)



hy; hy

Pox ; hyy; hxy; hyx

hq
H
Hc; Hc

H

l1;12

g¢ 2

dl,

|a

| = 1%e,

“rst derivativesof the height function in Monge parametriza-
tion with respectto x andy, respectively (Sec.6.1, p. 59)
secondderivativesof the height function in Monge parametri-
zation with respectto x and x, y andy, etc. (Sec.6.2.1,p. 62)
Fourier coexcient of the height function h (Sec.3.1.2,p. 36)
Hamiltonian (Sec.1, p. 4)

original and rede ned Hamiltonian of the auxiliary variables
approad (Sec.2.2.2,p. 25and Sec.2.2.2,p. 26, respectively)
Hamiltonian density (Sec.1, p. 3)

functional derivative of the Hamiltonian density with respect
to K4y (Sec.2.2.2,p. 25)

invariant scalars(Sec.1.2.1,p. 11)

geometricalfactor (Sec.3.2.1,p. 41) or

curvature of a curve (App. B.1, p. 78)

principal curvatures of a two-dimensionalsurface
(Sec.1.2.1,p. 10; seealsoApp. B.1, p. 80)

Boltzmann constart (Sec.1.2.3,p. 15)

extrinsic curvature tensor (Sec.1, p. 4; seealsoApp. B.1, p. 79)
trace of the extrinsic curvature tensor (Sec.1.1.2,p. 10; see
alsoApp. B.1, p. 81)

spontaneouscurvature (Sec.1.2.1,p. 11)

gealesiccurvature (Sec.3.2.2,p. 42; seealsoApp. B.1, p. 79)
Gaussiancurvature (Sec.1.2.1,p. 11; seealsoApp. B.1, p. 81)
normal curvature (App. B.1, p. 79)

normal curvatures perpendicular and parallel to a curve,
respectively (Sec.3.2.1,p. 40; seealso App. B.1, p. 80)
o®-diagonaklemen of K2 (Sec.3.2.1,p. 40)

capillary length (Sec.3.1.2,p. 35)

length of a surface(Sec.1.1.1,p. 4)

length of the hydrophobic part of an amphiphile
(Sec.1.2.2,p. 11)

jth componert of the line elemen ds times the unit vector
which is perpendicular to the boundary curve (Sec.2.1, p. 17)
componerts of | in the local coordinate frame (Sec.2.1, p. 18)
unit normal pointing outward of a surfacepatch along a
boundary curve (tangertial to the surface)(Sec.2.1, p. 18)
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length (Sec.1.3, p. 16), espcially

length of a cylindrical colloid (Sec.5.2, p. 55)
excesdength (Sec.5.2, p. 54)

natural numbers (Sec.6.1, p. 58 and

Sec.2.3,p. 27, respectively)

eigervaluesof M (App. C, p. 88)

symmetric matrix and correspnding diagonal matrix,
respectively (App. C, p. 88)

unit vector normal to the surface(Sec.2.1, p. 18)
gerus of a closedsurface(App. B.2, p. 83)

exterior and interior pressure respectively (Sec.1.1.2,p. 9)
pressure(Sec.1.1.2,p. 9)

unit principal vector of a curve (App. B.1, p. 79)
wave vector (Sec.3.1.2,p. 36)

guadrupolar coexcient (Sec.6.1, p. 58)

linear di®erenial operator (Sec.2.2.1,p. 21)

classof a function (App. B.1, p. 75)

position vector (Sec.3.1.2,p. 35)

radius of a cylindrical colloid (Sec.6.2.1,p. 62)

Ricci tensor (Sec.2.3, p. 28; seealsoApp. B.1, p. 82)
Riemanntensor (App. B.1, p. 82)

Ricci scalar(Sec.1.3, p. 16; seealsoApp. B.1, p. 82)
arc length (Sec.2.1, p. 18)

line elemen (Sec.2.1, p. 18)

point on a surface(App. B.1, p. 78)

linear di®erenial operator (Sec.2.2.1,p. 21)
parameter of a curve (App. B.1, p. 80)

componerts of t in the local coordinate frame (Sec.5.2, p. 53)
arbitrary tensors(seeApp. B.1, p. 77 et seq.)
tangent vector of a curve (Fig. 2.2, p. 19)
temperature (Sec.1.1.1,p. 5)

intrinsic surfacestresstensor (Sec.2.2.2,p. 25)
transformation matrix (App. C, p. 88)
adhesionenergyper area(Sec.3.1.1,p. 32)
surfacepatch (App. B.1, p. 75)

volume of the hydrophobic part of an amphiphile



(Sec.1.2.2,p. 11)

\% volume (Sec.1.1.2,p. 9)

Vo constart enclosedvolume (Sec.1.1.2,p. 10)

@ surfaceenclosinga volumeV (Sec.1.1.2,p. 9)

dv;dv?° volume elemen (Sec.2.1,p. 17 and App. C, p. 89, respectively)

cv,avVv small cubic volume and surfaceof this volume, respectively
(Sec.2.1,p. 17)

w width of a surface(Sec.1.1.1,p. 4)

dw length elemen (Sec.1.1.1,p. 5)

(x;y) Cartesian coordinates of the referenceplane (Sec.3.1.2,p. 35)

dx; dy in nitesimal changein x andy, respectively (Sec.3.1.2,p. 35)

(X;y;2) Cartesiancoordinatesin R3 (Sec.2.1,p. 17)

fx;y;zg set of orthonormal basisvectorsin R3? (Sec.2.1, p. 17)

X (»;»?) enmbedding functions of the surface(Sec.1, p. 3)

Xy; Xy; Xy componert functions of X in R® (App. B.1, p. 75)

Q= @Ee® partial derivative on the surface(Sec.2.2.2,p. 24)

@ partial derivative with respectto i 2 fx;y;zg (Sec.2.1,p. 17)

@@ partial derivative alongthe normal vector of a boundary curve

(Sec.3.1.3,p. 38)

Jacobianmatrix (App. B.1, p. 75)

r=(@@)F nabla operator of the referenceplane (Sec.3.1.2,p. 35; see
alsoApp. B.3, p. 84)

Laplacian on the referenceplane (Sec.3.1.2,p. 35; seealso

App. B.3, p. 85)

Ira covariant derivative on the surface(Sec.1, p. 4; seealso
App. B.1, p. 78)

ro-=1%r 4 derivative along| (Sec.5.2,p. 54)

® cortact angle(Sec.3.1.1,p. 32)

° angle betweene; and e, (App. B.1, p. 77)

i ap Christo®elsymbol (App. B.1, p. 78)

t=H+ b variation with respect to the embedding functions X
(Sec.2.2.1,p. 20; seealso App. C, p. 87)

=K 5 functional derivative (in this casewith respectto K 4p)

(Sec.2.2.2,p. 25)
variation with respect to the metric g, (Sec.2.3, p. 28)
Kronedker symbol (App. B.1, p. 77)

t &t
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Laplacian on the surface(Sec.2.2.1,p. 24; seealso

App. B.1, p. 78)

anglebetweenn and p (App. B.1, p. 79)

angle of immersion/detachmen (Sec.3.1.2,p. 36)
bendingrigidity (Sec.1.2.1,p. 11)
Gaussianbendingrigidity, also saddle-splg modulus
(Sec.1.2.1,p. 11)

characteristic length (Sec.3.2.1,p. 40)

Lagrangemultiplier functions (Sec.2.2.2,p. 25)

rede ned Lagrangemultiplier functions (Sec.2.2.2,p. 26)
width of a surfacepatch (Sec.3.1.2,p. 36)
integers(Sec.3.1.2,p. 36)

set of local coordinates on the surface(Sec.1, p. 3)
product of in nitesimal changesin »' and »?, respectively
(Sec.2.2.1,p. 19)

subsetof R? (App. B.1, p. 75)

density of a liquid and a gas,respectively (Sec.3.1.2,p. 35)
density di®erencebetweena liquid and a gas(Sec.3.1.2,p. 35)
surfacetension (Sec.1, p. 3)

componerts of the stresstensorin 3D (Sec.2.1,p. 17)
stresstensorin 3D (Sec.2.1,p. 17)

surfacedomain (Sec.1, p. 4)

simply connectedsurfacedomain (Sec.2.1, p. 18)
boundary curve of the surfacedomain § (Sec.3.1.1,p. 33)
and 8, (Sec.2.1, p. 18), respectively

tilt anglebetweenn and z at the midplane betweenthe
two colloids (Sec.5.2, p. 53)

polar coordinates of the referenceplane (Sec.3.2.1,p. 41)
sphericalcoordinatesin R® (Sec.3.1.2,p. 37)
angleelemerts (Sec.3.1.2,p. 37)

phaseanglesin the height function in the caseof two particles
on a soap Im with a pinned cortact line (Sec.6.1, p. 58)
angleat which one quadrupole is rotated around z
(Sec.6.1, p. 59)

local tangertial variation of X (Sec.2.2.1,p. 20)

local normal variation of X (Sec.2.2.1,p. 20)



B Classical di®erential geometry of
two-dimensional surfaces

B.1 Basic de nitions

This sectiongivesan overview of the basicnotions of di®erertial geometryfor two-
dimensionalsurfaces.It follows mainly Kreyszig [Kre91] in its discussion.

De nition of a surface

Let us considerthe vector function X (»';»?) 2 R® with
X TR2%Y¥ 3 (L») 71 X (1 »%) 2 U %R, (B.1)

where¥ is an open subsetof R?. Let X (»';»?) beof classr | 1in ¥, which means
that one of its component functions X; (i 2 fx;y;zg) is of classr and the other
onesare at least of this class! Let furthermore the Jacobian matrix % be

of rank 2 in ¥ which implies that the vectors

_ &
€q = @a:@x ; a2fl2g; (B.2)
arelinearly independen. The mapping (B.1) then de nesa smaooth two-dimensional
surface patch U embeddedin three-dimensionalEuclidean spaceR?® with coordi-
nates »' and »® (seeFig. B.1). A union § of surfacepatchesis called a surface

if two arbitrary patches U and U° of § can be joined by Tnitely many patches

patchesis again a surface patch [Kre91, p. 76]. To simplify the following let us

restrict oursehesto a surfacethat canbe coveredby one patch U only.

The vectorse,, de ned in Eqn. (B.2), are the tangert vectorsof the surface. They

are not normalizedin general. Togetherwith the unit normal
ei1f e )

-, B.3
je1 £ ey (B-3)

they form a local basis(local frame) in R® (seeFig. B.2):
ea¢n=0; and n¢n = 1 (B.4)

L A function of one or sewral variables is called a function of classr if it possessegortinous
partial derivativesup to orderr.
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B Classicaldi®eretial geometryof two-dimensionalsurfaces

Figure B.1: Parametrizationof a surface

Figure B.2: Local frameon the surface
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B.1 Basicde nitions

The metric tensor (‘rst fundamental form)

With the tangert vectorse,, one cande ne the metric tensor (also called the rst
fundamentalform)

Oab := €5 Cep : (B.5)
This covariant secondrank tensor is symmetric (ga, = Ova) and positive de nite

[Kre91, p. 86]. It helpsto determinethe in nitesimal Euclidean distancein terms
of the coordinate di®erenials [Kre91, p. 82]

ds?

[X (' + dol;»? + d»?) § X (55 »%)]? = (e1 d»! + e, d»?)?
(e, d»? 2= (e, Cep) d»? d»°
Qap O d>° ; (B.6)

wherethe sum cornvertion is usedin the last two lines (seeApp. A). The cortravari-
ant dual tensor of the metric may be de ned via

1, ifa=b

: B.7
O faé b (B.7)

cb . 4b .
Gac 97 = 1 =

where 2 is the Kronedker symbol. The metric and its inversecan be usedto raise
and lower indicesin tensor equations. Considerfor instancethe secondrank tensor
tab.

Raising:  ta,.g®=t,"; and lowering:  t,° gy = tap : (B.8)

The determinant of the metric?

g:= detg = jQa) = Q1102 i 912021 (B.9)

can be exploited to calculate the in nitesimal areaelemen dA: let ° be the angle
betweene; and e, (seeFig. B.2). Then

jer £ e? = jerj?jerj?sin?® = gugr(li Co$°) = gulni (€1 ey)?
= Oul2i 012012=0; (B.10)
and thus
dA = jei £ ;) d»'d»” = P gd®»: (B.11)

2 Note that g is the matrix consisting of the metric tensor componerts gap.
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B Classicaldi®eretial geometryof two-dimensionalsurfaces

The covariant derivative

The partial derivative @ is itself not a tensor. One therefore de nes the covariant
derivative r , on a tensortp’ 2=

ajaz:ian —_ ajaz:ian
Ml = @oni
daz:i:an . aid::an . aiaz::d .
LTS I e T R B it e,
I t‘é‘lbi‘z b:n'blcl tﬁllgzbjn'bzﬂ s tﬁllgzz C?nlbmc’ (B.12)

wherethe j . are the Christo®elsymiwls of the second kind with
i = (@ep) Ce°; (B.13)

and r , is now a tensor. For the covariant di®ereriation of sumsand products of
tensorsthe usualrulesof di®erettial calculushold. The metric-compatibleLaplacian
¢ canbede nedas¢ :=r ,r 2

Note in particular that

I 2€p @€vi iap€e; and (B.14)
bc —

Nalbe = a0 =T1,0=0: (B.15)

Equation (B.15) is also called the Lemma of Ricci. It implies that raising and
lowering of indicescomnutes with the processof covariant di®ereniation.

Orientable surfaces

The orientation of the normal vector n in one point S of the surfacedependson
the choice of the coordinate system [Kre91, p. 108]: exchanging, for instance, »!
and »? also °ips n by 180degrees.A surfaceis called orientable if no closedcurve
C through any point S of the surfaceexists which causesthe senseof n to change
whendisplacingn cortinuously from S along C badk to S. An exampleof a surface
that is not orientable is the MAbius strip.

The extrinsic curvature tensor (second fundamental form)

Two surfacesmay have the samemetric tensor g, but di®eren curvature properties
in R3. In orderto descrike sud propertieslet us considera surface§ ofclass$r , 2
and a curve C of the sameclasson § with the parametrization X (»*(s);»?(s)) on
8, wheres is the arc length of the curve (seeFig. B.3).

At ewery point of the curve whereits curvature k > 0, one may de ne a moving
trinedron ft;p;bg wheret = X is the unit tangert vector, p = t5tj = t=k is the

3 This meansthat its parametrization X (»;»?) is of classr , 2.
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B.1 Basicde nitions

Figure B.3: Curveon a surface

unit principal normal vector,and b = t £ p is the unit binormal vector of the curve*
Furthermore, let ~ be the anglebetweenthe unit normal vector n of the surfaceand
the unit principal normal vector p of the curvewith cos” = pdn (seeagainFig. B.3).
The curvature k of the curve can then be decommsedinto a part which is due to
the fact that the surfae is curved in R® and a part due to the fact that the curve
itself is curved. The former will be called the normal curvature K, the latter the
gedalesiccurvature K 4. One de nes:

Khn = jteén=jk(p¢n)=ikcos ; and (B.16)
Kg t¢(LE n)=Kkt¢(p£ n)= ksin" sign(n ¢b) : (B.17)

Here, we are interested in the curvature properties of the surface. Therefore, the
normal curvature K, is the relevant quartity that hasto be studied a bit further.®
The vector t_may be written as

t=>A= %(ea»i‘) = (@e,) 0+ e R (B.18)
Thus, Egn. (B.16) turns into
Kn,=ikcos = (i n t@ep) »*»; (B.19)

where it has been exploited that @e, = @e,. The expressionin bradkets is the
extrinsic curvature tensor or second fundamentalform

Ka:=ihtQe,=e,t@n : (B.20)

4 The dot denotesthe derivative with respect to the arc length s.

5 The minus signin the de nition of K, Eqn. (B.16), is unfortunately a matter of corvertion and
is here chosenin accordanceto the literature wherethe surfacestresstensor for °uid membranes
has been introduced [CG02b, Guv04a. A sphere with outward pointing unit normal has a
positive normal curvature then. Note that this di®ersfrom Ref. [Kre91].
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B Classicaldi®eretial geometryof two-dimensionalsurfaces

It is a symmetric covariant secondrank tensor sud as the metric. The second
relation in Eqgn. (B.20) follows if one di®erertiates the rst equation of (B.4) with
respect to »?.

The extrinsic curvature can be written covariantly:

Ka:=inCr zep: (B.21)

This is possiblebecause@ey, di®ersfrom r ,e, only by terms proportional to the
tangen vectorse., which vanish when multiplied by n (seeEqn. (B.14)).
Onecaneasilyseefrom Eqn. (B.20) that K 5, hasgot somethingto dowith curvature:
at every point of the surfaceit measureshe changeof the normal vector in R® for
an in nitesimal displacemen in the direction of a coordinate curve.

To learn more about the normal curvature let us considera reparametrization of the
curve C with the new parametert. One gets

W= — — = — (B.22)

where ° denotesthe derivative with respect to t. Equation (B.19) thus takesthe

form 0 o

K 5p »*%P° ®.6) Kap »2G:P _ Kapd»?@d»®
(92 g’ g dRdP

For a xed point S, K 5, and g, are xed aswell. The value of K, then only depends
on the direction of the tangert vectort of the curve. One may seard for extremal
valuesof K, at S by rewriting Eqgn. (B.23):

Kn= Kgp»@» =

(B.23)

(Kabi KnGap) 2222 =0 (B.24)
A di®erertiation with respect to »¢ yields the result
(Kaci KnGac) 22 =0; (B.25)

becausedK, = 0 is necessaryfor K, to be extremal. Through the raising of one
index, Eqn. (B.25) becomesan eigervalue problem for K 2. Its eigervectorsare the
tangert directions along which the normal curvature is extremal. They are called
principal directions and are orthogonalto ead other [Kre91, p. 129]. The eigervalues
will be calledthe principal curvatures k; and k, of the surfacein point S. All other
valuesof K, in S in any direction can be calculated via Euler's theorem [Kre91,
p. 132]. If the curve follows a principal direction at every point, it is alsocalled a
line of curvature.

For an arbitrary curve on the surfacethe symbol K denotesthe normal curvature
belongingto the direction the curve is following, whereasK , denotesthe normal
curvature belongingto the direction perpendicular to the curve in every point.
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It is usefulto de ne the following two notions: the total curvature
K = ¢®Kap= K2=Kky+ ko ; (B.26)
and the Gaussiancurvature
Ko = jKY = kiks : (B.27)

The quantities jKj and K¢ are invariant under surfacereparametrizationsbecause
they only involve the eigervaluesof the extrinsic curvature tensor. They occur, for
instance, in the surfaceHamiltonian of a °uid membrane (seeEqgn. (1.10)). Note
that one canrewrite Kg
b o o KKz KoK
Ko = K3 = jKaeG™ = jKacj g = = Zz'g == (B.28)

The equations of Gaussand Weingarten

With the help of the extrinsic curvature it is also possibleto nd relations for the
partial derivatives of the local frame vectors: the normal vector n is a unit vector
(seeEqn. (B.4)) and therefore

ne@n =0: (B.29)

Thus, @n is alinear combination of the tangert vectorse,. Weknow that @n te, =
K ap (seeEqn. (B.20)), which yields the Weingarten equations

@n =r,n=Kly: (B.30)

For the tangert vector e, a decomsition yields

(B.20),(B.13)
@ep, = (N ¢@ep)n + (e° t@ep)e. = i Kapn + i goec: (B.31)

Theseare the Gaussequations which can be rewritten covariantly:

I 2€p €1 i Kapn : (B.32)

Intrinsic curvature and integrabilit y conditions

Do the partial di®erettial Egns. (B.30) and (B.32) have solutionsfor any chosengay
and K 5,? The answer is no; certain integrability conditions have to be satis ed. We
require the embedding functions X to be of classr ; 3 and

Q@@e. = @Qe. : (B.33)
From this follows [Kre91, p. 142et seq.]

R = KodKei KoKg; and (B.34)
raKpe = T pKac; (B.35)
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B Classicaldi®eretial geometryof two-dimensionalsurfaces

where

R%ca'= @ipg i @ine *ibndiec i ibeied (B.36)
is called the mixed Riemann curvature tensor. It is intrinsic becauseit does not
depend on the normal vector n. Expression(B.35) is alsoreferredto asthe equation
of Mainardi-Codazzi
The Ricci tensor is de ned asthe cortraction of the Riemann tensor with respect
to its rst and third index:

Rab = R, : (B.37)

A further cortraction of the Ricci tensor yields the intrinsic salar curvature of the
surface(Ricci scalar)
R = ™Ry : (B.38)

From Eqgn. (B.34) onethen obtains

R K2i K&K p: (B.40)

Combining Egn. (B.28) with the completely covariant form of Eqn. (B.34), onegets
after a few calculations:

R = Kg0Oa; and (B.41)
R = 2Kg: (B.42)

Theseequationscon rm Gauss'TheoremaEgregium,which statesthat the Gaussian
curvature, eventhough originally de ned in an extrinsic way, in fact only dependson
the rst fundamenal form [Kre91, p. 145]and is thus an intrinsic surfaceproperty.

B.2 Gauss-Bonnet theorem

The Gauss-Bonnet theorem for simply connected surfaces

The Gauss-Bonnettheorem statesthe following [Kre91, p. 169]: Let § be a simply
connectedsurfacepatch of classrs, , 3 with simple closedboundary @, of class
ras, , 3. Furthermore, let X (»%(s);»%(s)) be the parametrization of the boundary
curve, wheres is the arc length. Then

Z Z

dsKg+  dAKg= 2 (B.43)
@&o §o

wheredA is the in nitesimal areaelemen, K4 is the gealesiccurvature of @, and
K¢ is the Gaussiancurvature of 8. Note that the integration along the boundary
curve hasto be carried out in such a sensehat the right-hand rule is satis ed: take
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B.2 Gauss-Bonnettheorem

Figure B.4: Integrationcontourfor multiply connectedsurfacepatches

your right thumb and point it in the direction of the normal vector n. If you then
curl your ngers, the tips indicate the direction of integration.

One can chek the consistencyof Eqn. (B.43) easily by consideringa °at circle
with radius a: Its Gaussiancurvature is zero and therefore also the integral over
it. The gealesiccurvature, however, is equalto 1=ain ewvery point of the boundary:.
Thus, the integral over K yields 2¥a £ 1=a, which is equalto the right-hand side
of Eqgn. (B.43).

Generalization to multiply connected surfaces

A generalization of this theorem to multiply connectedsurfacesis also possible
[Kre91, p. 172]: One can cut multiply connectedsurfacesinto simply connected
ones. Take, for instance,a surfaceasin Fig. B.4. The path of integration alongthe

boundary may be chosenasdepictedby the arrows. The sectionsare passedwicein

opposite directions; their cortributions therefore cancelead otger. The end points

of every section,however, add a term of “sead to the integral ds Kq. This is due
to the rotation the tangert makesat ead of thesepoints. Every sectiontherefore
cortributes 2%4to the integral. For the caseof Fig. B.4 we thus have an extra term

of 4v4

Application to closed surfaces

It is also possibleto apply the Gauss-Bonnettheorem to closedsurfaces[Kre91,
p. 172]. Topologically, any closedorientable surfaceis homeomorphié to a sphere
with p attached \handles". This number p is also called genus of the surface.
Consequetly, a spherehas gerus 0, a torus gerus 1, etc. One then obtains for

6 This meansthat the mapping and its inverseare cortinuous and bijective.
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hy) [ 7=F

Figure B.5: Mongepaametrization

any closedorientable surface8 of gerus p [Kre91, p. 172]:
Z

dA K = 441 p): (B.44)
§
This implies that the integral over the Gaussiancurvature is a topological invariant
for any closedsurfacewith xed gerus p.

B.3 Monge parametrization

For surfaceswith no\overhangs",it is suzcient to describe their position in terms of
a height h(x; y) abovethe underlying referenceplaneasa function of the orthonormal
coordinatesx and y. The direction of the basisvectorsfx;y;zg 2 R? is chosenas
depictedin Fig. B.5.

The tangert vectorson the surfacecan then be expressedase, = (1;0;h,)" and
ey = (0;1;hy)7, whereh; = @h (i;j 2 fx;yg). The metric is equalto

g = % + hih (B.45)
where #; is the Kronedker symbol. We alsode ner = (@;@)". The metric
determinart and the in nitesimal surfaceelemen canthen be written as

g = jgii=1+( h? and (B.46)
dA = Pgadxdy: (B.47)

The inversemetric is given by
g =% | %: (B.48)
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B.3 Monge parametrization

Note that Eqgns. (B.45) and (B.48) are not tensor equations. The right-hand side
gives merely numerical valuesfor the componerts of the covariant tensorsg; and
g’ . The unit normal vector is equalto

TR
n:ig,l_G 'rlh : (B.49)

With the help of Eqn. (B.20) the extrinsic curvature tensor can be calculated:

Kij =i % ; (B.50)

whereh; = @@h. Note that Eqn. (B.50) againis not a tensor equation and gives
only numerical valuesfor the componerts of Kj; .

Finally, it is alsopossibleto write the total curvature K in Monge parametrization:
3 ,
r h

K=ir¢1a—§: (B.51)

In Chaps.3, 4, and 6 we are interestedin surfacesthat deviate only weakly from a
°at plane. In this situation the gradierts h; are small. Therefore,it is enoughto
consideronly the lowest nortrivial order of a small gradiert expansion.K and dA
canthen be written as

K
dA

Ii‘lr ’h+ O[(r h)?]; o (B.52)
1+ %(r h)2+ O[(r h)*] dxdy : (B.53)

In Chap. 6 we alsoneedK, and Ky and, in addition, the derivativesr >, K, and
r , K¢ at x = 0 (seeFig. 5.1) in Monge parametrization. Due to the chosenorien-
tation, the result in small gradiert expansionis simply

Ko = i hx(0)y); (B.54a)
Kk = ihy(Oy); (B.54b)
aswell as
r ?K? = i hxxx (Oa y) , (8558.)
roKeg = i hyx(0yy): (B.55b)
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C Surface variations

This appendix providesthe rst order changesof the geometry i. €. gan, Kap, €tc.,
under a variation of the embedding functions

X1 X +#X ; (C.1)

where £X may be decompmsedinto a part tangertial and a part normal to the
surface:

X = ©%,+2n: (C.2)

The following equationsand parts of the calculationscan be found in [CG02l and
[CGSO03].
Let us rst considerthe tangert vectorse;:
e, & H@X)z= @=X)=r 2X) P r ,(©%.+2n)
= (r 8©epi Ka©n + (r A n+2KpLey; (C.3)

wherethe Weingartenand Gaussequations(B.30) and (B.32) were usedin the last
step. Note alsothat + and @ commute due to their linearity.

Eqgn. (C.3) may be decommsedinto its tangertial and normal parts just by collecting
all termsin ©, and?, respectively. This is alsopossiblewith the following variations.

Variation of the rst fundamental form
For the variation of the metric we nd

H0ap (BiS) ey C+ep + e, Cep

Varying Eqn. (B.7) yields g.c #9°°+ #g.. g° = 0. From this follows that the variation
of the inversemetric is given by

igab: i gacgbdi_gcd (C:-4) ir a©bi r b©ai 2K abg : (CS)

To proceed, one needsto calculate the derivative of the metric determinart with
respect to g,,. For that purpose,consider rst quite generallya symmetricn £ n
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elemens: M = TM 5 Ti * whereMp, is the diagonal matrix. From this follows:

log(detM) = log[det(TM 5T )] = log(M ¢M; ¢::: ¢M )
X
= logM; = Tr (logMp) = Tr[log(T' *MT)]
i=1
= Tr[T' *log(M)T]= Tr(logM) : (C.6)
Thus,
@ @etg . @" ®co @" °
— = = exp[log(det = exp[Tr (lo
o @ @ pllog(detg)] T o p[Tr( gg)]
n o] @h i h @ i
= exp[Tr (logg)] @ Tr(logg) =gTr (logg)
h @ i b@d @ab
= Tr i1 N - cd =2dc _ ab : C.7
g g @t g9 @ g9 (C.7)
The determinarnt of the metric then changesas follows
tg= - Dig,= ggign= 200 O+ K9) ; 8
(@
which yields for P g
_ 1 _
+g= Jpgt= g 0+ K (€9)

and nally for the in nitesimal areaelemert:

+HdA) = dA(r .©° + K?) : (C.10)

Variation of the second fundamental form

The variation of the normal vector n may be obtained from Eqgns. (B.4):

e, ¢th = jn Qe ; (C.11)
and n¢mn = O0: (C.12)
It follows: s
m ) K 0% i (r 2?) g%y ; (C.13)
and
K a0 (B2 i (#n) Cr zepi n Cr ytey
S ner G ©)eci Ko®n + (1 6 n + 2 K Ce]
(B.35)

©Cr CKab+ Kacr b©c+ Kbcr a©ci r ar ba + KacK %a (C14)
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— . — . . B.32 C.12
The rst termin the rst lineisequalto zero:j (zn)& aeb( 22) i Kap(zn) (€22 0.

Note alsothat the Weingartenand Gaussequations(B.30) and (B.32) were applied
in the last step.
For the total curvature this gives:

(8.26)

+K PP K+ g% K p

(ir 2P r PO 2K*) Ky
+ gab(©cr cKab+ Kacr b©c+ Kbcr a©ci rar bal + KacK %a)
= Or K ¢a | KK : (C.15)

(C.5),(C.14)

Note in particular that for the normal variation this reducesto

HK =i (¢ + KK - (C.16)

Further variations

The volume of an object (e.g. a soapbubble, seeSec.1.1.2) may be written asa
surfaceintegral with help of Gauss'Theorem
Z Z Z

v oavo= oot ol ganex (C.17)

Vv \Y, 3_3@/

To rst order, tangertial variations only correspnd to a reparametrization and
therefore cancel(as one can easily che&). The variation of the volume yields (see
Eqgns. (C.2), (C.9) and (C.13))

z
N = HV= % [+ gn X + Pgn)ex + Pgn ¢ X))
Z @
= % dA[(K?) n¢X i (r 22 g®ep,¢X +n ¢ n)]: (C.18)
@

An integration by parts of the secondterm and use of the Gaussequations(B.32)
simpli es Eqn. (C.18):

Z
&= S dAT(KY) neX +[i (K9 nex +* glentr X+ % g
7 @ = g3 gpa =2
- g4aa - (C.19)
@/

Generally any scalar function F de ned on the surfacevaries under a tangertial
deformation like [CG02b]

HF = ©*@F = ©° ,F : (C.20)

89



C Surfacevariations

Application: The formula of Laplace

We want to perform a normal variation of Hamiltonian (1.9) in Sec.1.1.2:
Z
H= dA % P(Vi W) : (C.21)
@
Exploiting the results of this appendix, one getsin equilibrium (£ H = 0)
Z Z

+H = (4, dA) % PV (C.10),(C.19)
c @

dAa(¥K | P)2 0 (C.22)

which yields the formula of Laplae

P=9K : (C.23)
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