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Zusammenfassung:
Weiche Grenz°Äachen kÄonnen Wechselwirkungenzwischen Teilchen vermitteln, die
an sie gebundensind. Dies geschieht beispielsweisemit Proteinen in einer Lipid-
membran. Der traditionelle Ansatz zur Bestimmung der auftretenden KrÄafte ist
folgender: Die GesamtenergiedesTeilchen-Grenz°Äache-Systemswird als Funktion
der Teilchenpositionen berechnet. KrÄafte zwischen den gebundenenTeilchen er-
geben sich dann durch geeigneteAbleitungen. Leider zwingt einen die inhÄarente
NichtlinearitÄat diesesProblems fast immer, sich auf lineare NÄaherungender Ener-
getik zu beschrÄanken.
Es ist jedoch stattdessen auch mÄoglich, einen anderen, kovarianten Ansatz zu
wÄahlen, der Ergebnisseliefert, die auch im nichtlinearen RegimegÄultig sind: Die
KrÄafte zwischen den Teilchen werdendurch die Grenz°Äache vermittelt und sind da-
her in ihrer Geometriekodiert. In Analogiezur klassischenElastizitÄatstheorielassen
sie sich durch Integrale Äuber den Ober°ÄachenspannungstensorausdrÄucken. Dieser
wiederumhÄangt auf bekannte Weisevon der Energiedichte der Grenz°Äache ab. FÄur
den Fall einersymmetrischen Zweiteilchen-Kon¯guration liefert dieserAnsatz exak-
te analytische Formeln fÄur die Kraft in AbhÄangigkeit von der Geometrie an der
Mitteleb ene. Manchmal ergibt sich darausbereitsdasVorzeichen der Kraft, d.h. ob
Anziehung oder Absto¼ungauftritt, kann auch fÄur starke Ober°Äachenverformungen
vorausgesagtwerden.

Abstract:
Soft interfacescan mediate interactions betweenparticles bound to them. One ex-
ample is the interaction of protein inclusions in a lipid membrane. Traditionally,
this phenomenonis treated by calculating the total energyof the particle-interface
systemas a function of particle positions. The forcesbetweenthe bound particles
can then be obtained via appropriate derivatives. Unfortunately, the intrinsic non-
linearity of the problem generally forcesone to restrict to linear approximations of
the energetics.
It is, however, possible to choose a di®erent, covariant approach and gain some
results that are also valid in the nonlinear regime: the forcesbetweenthe particles
aremediatedthrough the interfaceand are thus encoded in its geometry. In analogy
to classicalelasticity theory one can write them as integrals over the surfacestress
tensor, which itself dependsin a transparent way on the interfacial energydensity.
For standard symmetric two-particle situations this approach yields exact formulas
for the force in terms of the midplane geometry. Sometimesthe sign of the force is
evident, i. e. the occurenceof attraction or repulsioncan be predicted even for large
interfacedeformations.
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Intro duction

Forcesbetweenparticles that are bound to an interface can be either of direct or
indirect origin. The former are, for instance,electrostatic or Van der Waals' inter-
actions; the latter aremediatedby the interfaceand causedby the deformationsthe
particles induce in its shape.
One exampleof such an interface mediated interaction can easilybe given in a little
experiment: take two sewingneedlesand a bowl ¯lled with water. Let the needles
slide carefully onto the water surfaceand you will seethat they attract as soon as
the deformationsof the surfacestart to overlap (seeFig. 1).1

Apart from this, interface mediated interactions play an important and more se-
rious role in technological processessuch as ore °otation or foam stabilization
[RSS89,NS03]. Other research hasbeendedicatedto the possiblitiesof such forcesto
inducethe self-assembly of small-scalestructures: oneof the hopesat present is, for
instance,to ¯nd easyways of manufacturing components of micro-electromechanical
systems[VM04].
Interface mediated forcesare also relevant for biological systems: cell membranes
carry a large variety of molecular devicessuch as membrane proteins. It was dis-
covered that theseproteins can form domains[SI97]. Equivalent observations have
also beenmade in studieswith arti¯cial °uid membranes[KIHM98]. One possible
explanation for the experimental ¯ndings are membrane mediated interactions.
Unfortunately, theoretical considerationsof such interactions are mathematically
rather involved due to the fact that the relevant ¯eld equationsare typically nonlin-
eardi®erential equations.Present calculationsthereforemostly yield approximative
results for the forces.
In this thesis,a new geometricalansatz is introducedthat avoids to solve the ¯eld
equationsexplicitly. It is thus clear that this approach, which does not intend to
determinethe exact shape of the interfacefor a given particle attachment, will also
not provide numerical values for the force without further work. However, exact
anaytical results for the force in terms of the geometricinterfaceproperties can be
obtained, which are valid in the nonlinear regime. In somecasesthey enableoneto
predict the sign of the interaction [MDG04].

1 One of coursehas to make sure that the needlesare neither magnetizednor electrically charged
if one really wants to observe interface mediated interactions.
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Introduction

(a) (b)

(c) (d)

Figure 1: Attraction of two sewingneedles°oating on waterasoneexampleof interface
mediatedinteractions(seealso[GS71]). The wholeprocessproceedson a timescaleof
a few seconds,becomingincreasinglyfasterfrom (a) to (d).

For that ¯nal purposethis thesis starts with the introduction of di®erent interface
energeticsin the ¯rst chapter. We will only discussinterfacesin their ground state.
Thermal °uctuations around that state or dynamical phenomenawill not be taken
into account.
The secondchapter providesa mathematicalapproach to stressesin interfaces,show-
ing how forces, that are transmitted through the interface, can be obtained via a
line integral over the surfacestresstensor. This fact is the key to the newapproach.
Beforeintroducing it, however, we will discusshow onetraditionally determinesthe
shape and the energyof the interfacewhen either oneor two particles are bound to
it and how thereby interfacemediated forcescan be obtained (seeChaps.3 and 4).
Chapter 5 presents the key results of this thesiswherethe stresstensor is exploited
in order to ¯nd nontrivial exact results for interfacemediated interactions. Finally,
it is demonstratedin Chap. 6 that the two approachesare in fact consistent.
With this generaloutline in mind, let us now start to discussfree interfaces.
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1 The energetics of interfaces

Two phasesthat do not mix with each other arephysically separatedby an interface
or surface. Such a systemcan, for example,consistof a liquid and its vapor phase
or a membrane betweentwo domainsof water.
In this thesis, the dividing boundary layer will be called an interface if referenceis
madeto the physical quantit y; however, the mathematical conceptwill be referred
to as a surface.1

An interfaceis usuallynot a sharpdiscontinuity betweentwo phasesbut a continuous
transition on molecular length scales(seefor instance [BM93, p. 2 et seq.]). It is
neverthelesspossibleto considerit to be two-dimensionalaslong asoneis interested
in a mesoscopic point of view. This is applicablewhen the lateral extensionof the
interface (and the size of all other objects and deformations of interest) is much
larger than its width. The interfacecanthen be treated asa two-dimensionalsurface
embeddedin three-dimensionalEuclideanspaceR3 which is described locally by its
position X (»1; »2) 2 R3, where the »a are a suitable set of local coordinates. The
surface is not °at in general and therefore requires for its characterization tools
from di®erential geometry. The underlying basicsof that approach are summarized
in App. B.1.
The creation of an interfacecostsfreeenergybecausemoleculeshave to be removed
from their bulk environment and brought to the boundary betweenthe two phases.
This energy (per area) is called surface tension ¾. In Sec.1.1 we will focus on
interfacesthat canbecompletelydescribedenergeticallyby a Hamiltonian including
surfacetension only.
More generalHamiltonians may also contain terms that penalizeother featuresof
the surface.Section1.2will dealwith bendingasthe dominant part in the energetics.
Further possiblecharacteristicsof interfaceswill be brie°y discussedin Sec.1.3. In
the present work, the focus will generallybe on interfaceswhoseenergeticscan be
described by a Hamiltonian which is a surface integral over a local Hamiltonian
density H . This density shall depend only on scalarsconstructed from local sur-

1 Other authors do not distinguish betweensurfacesand interfacesor usedi®erent de¯nitions, such
as Ref. [Saf94, p. 2 et seq.]: If the system consistsof a \semi-in¯nite, bulk system or vacuum
(or its own dilute, vapor phase) ... [the separating boundary layer] is generally referred to as a
surface. When this semi-in¯nite material coexists with another condensedphase,the separating
surfaceis referred to asan interface. An interface can be composedof a material that is di®erent
from the two bulk phases."

3



1 The energeticsof interfaces

face tensors2, such as the metric gab, the extrinsic curvature K ab, or its covariant
derivativesr aK bc, etc.:

H§ [X ] =
Z

§
dA H(gab; K ab; r aK bc; : : :) ; a;b2 f 1; 2g ; (1.1)

where dA is the in¯nitesimal area element and § the potentially curved surface
domain one is interested in. Note also that Hamiltonian (1.1) shall be invariant
under surfacereparametrization. This meansthat no energypenalty is associated
with shearingdeformationsof the interface [CG02b].
This rather generalde¯nition will be illustrated in the following by the two casesof
surfacetension and bending energy.

1.1 Surface tension

1.1.1 The origin of surface tension

Considera systemconsistingof water and its vapor: under zero gravit y the water
minimizesits areain equilibrium and thus formsa perfectsphere.An explanationof
this circumstancecan be found if oneconsidersthe energeticsof the system[Isr92]:
moleculesat the interface are in a state of higher energy than those in the bulk.
This is due to the fact that the former particles are missingbondscomparedto the
latter (seeFig. 1.1). A positive (free) energyper area,¾, can thereforebe associated
with the interface. It is minimal if the interfacial area is minimized, which leadsto
the explainedbehaviour of the water.3

It is possibleto interpret ¾asa tension: considera rectangularpatch of surfacewith
length l and width w at constant temperature (seeFig. 1.2). One may increaseits
2 The de¯nition of thesetensorscan be found in App. B.1.
3 Note that this is a rather phenomenologicalexplanation of the surfaceenergy. A sounderderiva-

tion can be doneby consideringthe statistical mechanicsof the system(seefor instance[RW02]).

Figure 1.1: Energeticsof interfaces:bond number of a moleculein the bulk compared
to oneat the interface(schematic)
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1.1 Surfacetension

F

l

w

dw

dA

Figure 1.2: Interpretation of the interfacialenergyasa surfacetension

area by dA by applying a force F to one side of the patch. The free energyinput
into the systemis equal to the force times displacement: 4

dE = F dw = ¾dA = ¾ldw : (1.2)

The interface is thus under a tension ¾ = F
l , which is the so called interfacial or

surface tension. It is tangential to the interface,even for interfacesthat are not °at
as we will seein the following chapters. The higher it is, the higher the force that
is acting on a line per unit length. For water its value is about 73 mN m-1 at room
temperature (T = 293 K). The water-vapor systemis not the only examplewhere
surfacetension plays a dominant role. Other liquid-°uid 5 interfacesalso exhibit a
nonvanishing surfacetension (for somevaluesseeTable 1.1).6

To obtain the total energyof a liquid-°uid interface in generalonehas to integrate
¾over the whole surface.The resulting Hamiltonian is therefore:

H =
Z

§
dA ¾; (1.3)

where § is the surfacedomain. If one wants to ¯nd out what a stable surfacefor
given boundary conditions looks like, one has to search for local minima of the
Hamiltonian (1.3) by setting the variation ±H = 0. This leadsto a minimization of
surfacearea(seeabove). Interfacesthat are dominated by surfacetensiononly and
are not subject to further constraints (seeSec.1.1.2) are thereforecalled minimum
area surfaces or simply minimal surfaces.

4 We only will consider interfaces in their ground states, which is why we do not worry about
entropic contributions to the free energy (for a generaldiscussion,seeagain Ref. [RW02]).

5 A °uid can either be a liquid or a vapor/gas.
6 Note that the symbol ¾will be usedfor the surfacetension of a liquid-°uid interface in general.
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1 The energeticsof interfaces

Table 1.1: Surfacetensionfor selectedsubstancesat room temperature(T = 293 K)
a) againstair [BM93, p. 8] b) againstwater [Isr92,p. 315]

(a)

substanc e ¾=mN m -1

heptane 20
ethanol 22
formamide 57
water 73
Hg 486

(b)

substanc e ¾=mN m -1

cyclohexanol 4
chloroform 28
benzene 35
cyclohexan 51
octane 51

1.1.2 Soap and soap-like molecules

Not only interfacesbetweenpure phases(such as water and water vapor) but also
solutions are subject to surfaceforcesand surfacetension. Prominent examples,
especially for the demonstration of minimum area surfaces,are soapsolutions and
soap¯lms (seeFig. 1.3).
A soapsolution canbeproducedby dissolvinga metal salt of a fatt y acid with a long
hydrocarbon tail in water [Ise92, p. 21]. In natural soapsthe metal is either sodium
or potassium; it is dispersedthroughout the water. The fatt y acid anion may be
laurate, myristate, oleate,etc. (seeupper part of Table 1.2 for more examplesand
chemical structures).
Fatty acid anions are amphiphiles. This meansthat they consist of two di®erent
parts: the negatively charged carboxyl group is hydrophilic, i. e. \w ater-loving",
whereasthe neutral hydrocarbon chain is hydrophobic, i. e. \w ater-hating". The
hydrophobic part of the moleculedisturbs the hydrogen bonds that exist between
the water moleculescloseto it. Thesecan only be maintained if the water sacri¯ces
a part of its entropy. This phenomenonis called the hydrophobice®ect (or Tan-
ford e®ect)and is the main reasonwhy the hydrocarbon chains try to avoid water
[GKD+ 04, A3.13]. The hydrophilic carboxyl groups, however, can form hydrogen
bondswith the water and thereforetry to stay in it.
This leadsto the formation of a monomolecularlayer of the anionsat the interface:
the hydrocarbon chainsaredirectedout of the interface,whereasthe carboxyl groups
are adsorbed into the interface surroundedby water moleculesand positive metal
ions. The bulk water also contains someadditional amphiphiles depending on the
concentration of the soapsolution (seeFig. 1.4(a)).
The surface ions are also called surfactants. It is possibleto synthesize arti¯cial
surfactants, which canbe classi¯eddue to their chargeasanionic, cationic, nonionic

6



1.1 Surfacetension

Figure 1.3: The soap¯lm: a minimumareasurface(photographedat \Mathematicum
Gie¼en")

(a) (b)

Figure 1.4: Structureof a) a soapsolution b) a soap¯lm
The black particles are the fatty acid anionsand the white particles are the positive
metal counterions.

7



1 The energeticsof interfaces

substanc e chemic al structur e typ e

laurate CH3¡ (CH2)10¡ COO¡ fatt y acid
myristate CH3¡ (CH2)12¡ COO¡ anions
palmitate CH3¡ (CH2)14¡ COO¡ (natural soap
stearate CH3¡ (CH2)16¡ COO¡ molecules)

oleate CH3¡ (CH2)7¡ CH=CH ¡ (CH2)7¡ COO¡

cetyl (hexadecyl) CH3¡ (CH2)15¡ O¡ SO¡
3 anionic

sulfate surfactant

cetyl trimethyl CH3
j

ammonium CH3¡ (CH2)14¡ CH2¡ N+ ¡ CH3 cationic
j

CH3

pentaoxyethylene CH3¡ (CH2)10¡ CH2¡ O¡ (CH2¡ CH2¡ O)5¡ H neutral
dodecyl ether

cetyl dimethyl CH3
j

glycine CH3¡ (CH2)14¡ CH2¡ N+ ¡ CH2¡ COO¡ zwitterionic
j

CH3

Table 1.2: Examplesof surfactants([GKD+ 04, A3.8]),[Isr92, p. 342 et seq.]). The
fatty acid anionscan be further dividedinto saturated(laurate, etc.) and unsaturated
(oleate) ions.

and zwitterionic. The last category has both positively and negatively charged
groups. Someexamplescan be found in Table 1.2.
The length of onesurfactant moleculeis on the orderof a fewnanometers.It occupies
an areaof roughly 0:5 nm2 at the interface[Ise92, p. 18]. Increasingthe concentration
of surfactant moleculesat the interface lowers the resulting surface tension until
saturation is reached (about 25¡ 35 mN m-1 for a soapsolution [GKD+ 04, A3.13]).
If the concentration of surfactants is further increased,new physical phenomena
occur, that will be discussedin the next section.
Solutions of surfactants may be utilized to form ¯lms: a soap ¯lm, for example,
consistsof a thin layer of water in-betweentwo monolayers composedof soapions
(seeFig. 1.4(b)). It is 5 nm to 20 ¹ m thick [Ise92, p. 7] and has a surfacetension
which is twice the value of a soapsolution, sinceit has two sides.

8



1.1 Surfacetension

Figure 1.5: The soapbubble:a constantmeancurvaturesurface

A soap ¯lm is stable against rupture becauseof a stabilizing e®ectwhich is also
called Marangoni e®ect: as soon as one patch of the ¯lm stretches, the concen-
tration of soap ions decreasesat that part, which leads to an increasein surface
tension. In contrast, an increasingconcentration of soap ions leads to a decrease
in surfacetension. This negative feedback is the reasonwhy the ¯lm is relatively
stable. In addition, the surfacant ions hinder the di®usionof water moleculesinto
the surroundings,which stabilizesthe ¯lm further.7

A closedsoap ¯lm is also called soapbubble (seeFig. 1.5). Its surfaceis curved,
which causesa pressuredi®erencebetweenthe interior and the exterior: evidently
the surfacetensiontries to decreasethe bubble'ssize,which leadsto a compressionof
the inner compartment. A stablesoapbubble must thereforehave a higher pressure
pi inside comparedto the pressurepe outside. This results in a further contribution
to the energy, which can be included into the Hamiltonian (1.3) via the term ¡ PV:

H =
Z

@V
dA ¾¡ PV ; (1.4)

whereP = pi ¡ pe is the excesspressureand @V the areaof the interfaceenclosing
the volume V.
For a sphericalbubble with radius a and constant surfacetensionHamiltonian (1.4)
turns into:

Hsphere = 4¼a2¾¡ Psphere
4¼
3

a3 : (1.5)

A local minimum can be found by setting the derivative of H sphere with respect to a
to zero:

dHsphere

da
= 8¼¾a ¡ 4¼Pspherea2 != 0 ; (1.6)

7 This dynamical e®ectwill not be studied further here. It is only mentioned in order to explain
why one can deal with stable soap¯lms.

9



1 The energeticsof interfaces

which yields the well-known expressionfor the Laplace pressure of a sphericalbubble

Psphere =
2¾
a

: (1.7)

To ¯nd the equilibrium state for all surfaceswhose energeticsare described by
Hamiltonian (1.4), one has to set the ¯rst variation of (1.4) to zero. This leadsto
the generalformula of Laplace (seeApp. C, Eqn. (C.23))

P = ¾K ; (1.8)

where K is the total curvature (seeApp. B.1). Surfacesthat can be de¯ned via
K = const as in Eqn. (1.8) are alsocalled constant mean curvature surfaces. Apart
from the spheremany other examplesof such a surfacecan be found (for instance
the nodoid, see[LFL01]).
A volume term similar to the one in Eqn. (1.4) may also be usedto ¯x the volume
of a closedsurfaceto a constant value V0:

H =
Z

@V
dA ¾¡ P(V ¡ V0) ; (1.9)

whereP acts as a Lagrangemultiplier.
This section gave a short overview of di®erent interfaces that have one thing in
common: their energeticscan be described by a Hamiltonian which is a surface
integral over the surfacetension ¾|including or excluding further constraints such
as constant volume. This type of interface will be called \soap ¯lm type" in the
following.
In the next two sectionsother possiblecontributions to the energywill be discussed.

1.2 Bending

1.2.1 Curvature energy

Other contributions to the total energyof an interface apart from surfacetension
are bending deformations in the direction normal to the interface. In a harmonic
expansionthe energydue to any deformation of the interface is proportional to the
squareof the deformation (cf. Hooke's law). In the particular caseof bending one
has to considerquadratic expressionsof the curvature: a surfacehas two principal
curvatures k1 and k2 at every point, which are the eigenvaluesof the local curva-
ture tensor K ab. The corresponding eigenvectors de¯ne two orthogonal principal
directions (seeApp. B.1). It is thereforenecessaryto include two independentterms
in the expressionfor the energy that depend on a quadratic combination of the
two curvatures and are furthermore invariant scalars:onepossiblechoiceis a linear
combination of the squaresof the principal curvatures, k2

1 and k2
2 [Can70]. If we,

10



1.2 Bending

however, consideran isotropic interface,the two constants of that linear combination
have to be identical. Thus, the two terms are not independent any more.
A better choice is therefore a combination of I 1 = (k1 + k2)2 and I 2 = (k2

1 + k2
2)

[LL86]. The ¯rst invariant is equal to the squareof the total curvature, I 1 = K 2

(seeApp. B.1). Instead of I 2 it is, however, technically smarter to choose 1
2(I 1 ¡ I 2)

asthe secondinvariant becausethis combination is equal to the Gaussiancurvature
K G = k1k2, for which many mathematical relations are known. Including surface
tension the completeHamiltonian is then accordingto Helfrich [Hel73]:

H =
Z

§
dA

h
¾+

·
2

(K ¡ K 0)2 + ¹·K G

i
; (1.10)

where the proportionalit y coe±cients · and ¹· are called the bending rigidity and
the Gaussianbending rigidit y or saddle-splaymodulus, respectively. The additional
constant K 0 is the spontaneouscurvature. If its valueis not equalto zero,the surface
prefers to be bent to a certain extent in its minimal energy state. Note that the
Gaussiancurvature part is a topologicalconstant due to the Gauss-Bonnettheorem
(seeApp. B.2) and can thereforebe neglectedin most variational problems.
Oneof the most important exampleswherethe Hamiltonian (1.10) becomesrelevant
is the caseof a lipid bilayer (seeFig. 1.6), which will be introducedin the following.

1.2.2 Self-assembly of amphiphiles

In Sec.1.1.2wediscussedsurfactants in water and noticedthat the surfacetensionat
the interfacedecreasesfor an increasingconcentration of surfactants until a certain
point is reached. If one exceedsthis point, which is also called the critical micelle
concentration (cmc), the surfacetension stays constant. Other physical properties,
such as osmotic pressureor electrical conductivity of the solution also exhibit a
discontinuity. What happens? At the cmc it becomesenergeticallymore favorable
for the surfactants to self-assemble within the bulk of the °uid and shield their
hydrophobicparts againstthe water insteadof trying to squeezethemselvesinto the
already denselypacked monolayer at the interface. The cmc dependson properties
of the surfactant (for instance the surfacearea of the hydrophobic part) and the
conditions the solution is in (e.g. salt concentration).
Typical structuresthat result from self-assembly arespherical,cylindrical or inverted
micelles8, bilayers and vesicles(see Table 1.3). What kind of aggregateevolves
dependson the geometryof the surfactant: it can be quite well determinedby the
valueof the packingparameter v=(a0lc), wherelc and v arethe length and the volume
of the hydrophobic part of onesurfactant moleculeand a0 is its e®ective headgroup
area[Isr92].

8 Inverted micellescan of courseonly form if the surfactant is in a hydophobic solvent such as oil.
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1 The energeticsof interfaces
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Table 1.3: Self-assembly:structuresandappropriate packingparametersv=(a0lc). The
packingshape sketchesthe shape of one amphiphilicmolecule. The black circlesin
the structuresare the hydrophilic,the chainsthe hydrophobicparts of the surfactants.
[Isr92, p. 381]
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1.2 Bending

Figure 1.6: Computersimulationof a coarsegrainedlipid bilayer. The bluespheresare
the hydrophilicheadgroupsof the surfactants,the yellow andorangeonessymbolizethe
hydrophilictails.

From Table 1.3 we obtain a typical value of the packing parameter for °exible
bilayer membranes: it lies between 1

2 and 1. Surfactants with such a parameter
usually possesstwo hydrocarbon chains.
It is alsopossiblethat two or moredi®erent surfactants self-assemble into onestruc-
ture aslong asthey do not phase-separate.For example,micelle-forminglysolecithin
(packing parameter< 1

2; seeTable1.4) and normally not self-assembling cholesterol
(packing parameter > 1) may form bilayer vesicles[Isr92, p. 382]. In nature, a
mixture of surfactants can often be found in biological membranes,which will be
considereda bit closerin the next section.

1.2.3 Membranes in cell biology

Membranesin cell biology mostly consistof double-chained phospho-or glycolipids
(see Table 1.4). The chains contain an even number of carbon atoms (14 ¡ 24
typically) and oneof them is often unsaturated (which meansthere exists a double
bond betweentwo of the carbon atoms) or branched. Such surfactants exhibit the
following properties that are essential for biological function [Isr92, pp. 375/387]:

² The lipids self-assemble into thin bilayer membranes(seeFigs. 1.6 and 1.7)
whosefunction it is to form cell walls and alsoto separatefunctional compart-
ments in the cell (organelles).

² The cmc is very low (10¡ 6 ¡ 10¡ 10 M for bilayer-forming lipids as opposedto
10¡ 2 ¡ 10¡ 5 M for micelle-formingsurfactants). The membranethereforestays
the sameeven for a very low concentration of lipids in the surroundings.

² The membrane behavesas a two-dimensional°uid at physiological tempera-
tures, which is important for processessuch asbudding and subsequent vesicle
formation.
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1 The energeticsof interfaces
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Table 1.4: Examplesof membranelipids. R1andR2correspondto hydrocarbon chains
of fatty acids(seefor instanceTable1.2). [GKD+ 04, A3.8f]
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1.2 Bending

Figure 1.7: The cell membrane consistsof a lipid bilayer to which di®erentkinds of
macromolecules(e.g. proteins)are bound. [BGK03,p. 258]

Other surfactants that are common in biological membranesare the already men-
tioned lysolecithin andcholesterol. Thesemay in°uencethe °uidit y of the membrane
accordingto their geometry(seeprevioussection).
In addition to the basiclipid bilayer, other typesof moleculesmay be present in the
membrane (seeFig. 1.7): proteins perform most of the speci¯c functions of mem-
branessuch as enzymatic reactionsor ion pumping. One can distinguish between
integral and peripheral membraneproteins. The latter areonly connectedindirectly
to the membrane via the hydrophilic head groups of the lipids. Integral proteins
have one or more parts embedded in the bilayer. Most of them span the entire
membrane and are thereforecalled transmembrane proteins.
Interactions betweenproteins are an important ¯eld of study becausetheir aggre-
gation in the membrane is quite often important for biological function. In the
following, forces between membrane inclusions such as proteins will therefore be
considered(seeSec.6.2.2) as oneexampleof interfacemediated interactions.
The thicknessof a lipid membraneis of the orderof 5 nm whereasits lateral extension
may reach micrometers (size of a cell). This is why a continuum description as
explainedin the introductory remarksof this chapter is often applicable. It turns out
that membraneenergeticsare mainly dominatedby bending[Hel73]. Therefore,the
Hamiltonian (1.10) is suitableto describea °uid membrane. For typical phospholipid
membranes,· is of the order of a few tens of kBT, wherekBT is the thermal energy.
Valuesfor ¾are found to be in a broad rangefrom 0 up to about 10 mN/m [MH01].
The Gaussianbending rigidit y ¹· is rather di±cult to measurebecausethe topology
needsto be changedduring the measurement. Its value is usually negative and also
smaller than that of · in the samesystem[GKD + 04, A3.24].
It shouldbe mentioned that the Hamiltonian (1.10) is alsovalid for other interfaces
such as those containing block copolymers. Focusing on lipid bilayer membrane
here, however, we will call the type of interface wherebending plays the main role
the \°uid membrane type".
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1 The energeticsof interfaces

1.3 Other interfaces

Basedon the Hamiltonian (1.1) one can systematically considerpossiblecontribu-
tions to the energy, order by order in the dimensionof the integrand which is length
L [CGS03]: the easiestHamiltonian density one can think of is H = 1, which was
already consideredin connectionwith surfacetension.
The next order, 1=L, involvesthe extrinsic geometryof the interface:

Z

§
dA K : (1.11)

In Hamiltonian (1.10) the spontaneouscurvature K 0 is included in this linear term
as a constant prefactor.
In secondorder, 1=(L 2), onegets9

Z

§
dA K 2 and

Z

§
dA K abK ab : (1.12)

A third term in secondorder stemsfrom the intrinsic scalarcurvature R, which is,
however, not independent due to (seeApp. B.1, Eqns. (B.40) and (B.42))

R = K 2 ¡ K abK ab = 2K G : (1.13)

In the Hamiltonian (1.10), whereall contributions up to this order are included, the
K abK ab term is thereforedropped. In addition to that, the Gauss-Bonnettheorem
(seeApp. B.2) statesthat the surfaceintegral over R is just a topological constant
for two-dimensionalsurfaceswithout boundaries. In that caseonly one term in
secondorder is independent.
In third and fourth order onehasaccordingto [CGS03]:

Z

§
dA K 3 and

Z

§
dA RK : (1.14)

and10

Z

§
dA R 2

Z

§
dA RK 2

Z

§
dA K 4 and

Z

§
dA (r aK )(r aK ) : (1.15)

Even the terms in (1.15) may describe certain properties of an interface such as
in geometric models for \egg-carton" membranes [GH96] and tubular structures
[FG97].
In the following, however, we will restrict ourselves to terms up to secondorder,
while only sometimesreferring to higher order terms.
9 Note that the sum convention will be usedin this work, i. e. whenever a pair of identical indices

appears with one being superscript and the other subscript, it will be summed over them (see

also App. A). For example: K abK ab ´
2P

a;b=1
K abK ab :

10 Note that all following terms are of fourth order in 1=L. The last term, however, contains only
6 derivativesof the embedding function X , whereasthe others contain 8.
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2 Stresses in interfaces

2.1 The stress tensor in three-dimensional elasticit y
theory and its analog for surfaces

Elasticity theory describesthe deformationsof solid bodies, regardedascontinuous
media (seefor instance[LL86, pp. 3{5] for the following).
Let us considera small cubic part ¢ V of an arbitrarily shaped body in Euclidean
spaceR3: in thermal equilibrium the sum of all forcesexertedon the cube is zero.
However, if the whole body experiencesan external deforming mechanical force,
internal forcesarise, ultimately causedby molecular interactions. Theseare called
internal stresses. Due to their molecular origin, they act over a very short range.
Therefore,any forcesfelt inside the cube are determined by the onesacting on its
surfaces.
To cope with the directionality of theseforcesit is quite convenient to introducethe
stresstensor ¾: In the orthonormal basis f x ; y ; zg, the component ¾ij is the i th
component of the total internal force on the unit area perpendicular to the j axis
(seeFig. 2.1(a)) with i; j 2 f x; y; zg. For example,¾xx is the force in x-direction on
the unit areaperpendicular to the x axis, whereas¾yx and ¾zx act on the samearea
but in y- and z-direction, respectively.
Then, the total internal forcecan be written asthe integral of the stresstensorover
the surface@¢ V of the cube.1 One gets for the components:

(F body ) i =
zX

j = x

I

@¢ V
dA j ¾ij =

zX

j = x

Z

¢ V
dV @j ¾ij (i 2 f x; y; zg) ; (2.1)

whereStokes' theorem was usedin the secondstep and @j is the partial derivative
with respect to j . The symbol dA j denotesthe j th component of the vectorial area
element which is perpendicular to @¢ V.
If oneconsiderstwo-dimensional°at interfacesinsteadof three-dimensionalbodies,
the same argument as above can be made: the (surface) stress tensor f is now
a force per length acting on a unit line element. Since the force can still act in

1 Note that the stress tensor is de¯ned with an additional minus sign here compared to [LL86]:
Eqn. (2.1) yields the internal force that balancesthe force from the exterior due to Newton's
third law. In [LL86] the stresstensor is de¯ned in such a way that Eqn. (2.1) yields the total
external force exerted on the body.
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2 Stressesin interfaces
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Figure 2.1: Componentsof the stresstensor a) in 3D b) in 2D

three directions, the tensor has six components. Take, for instance,f xy : it is the x
component of the internal forceacting on the unit line element perpendicular to the
y axis (seeFig. 2.1(b)) with respect to the surfacebasisf x ; yg.
The total internal force on a surfacepatch ¢ A is equal to

(F surface) i =
yX

j = x

I

@¢ A
dl j f ij =

yX

j = x

Z

¢ A
dA @j f ij (i 2 f x; y; zg) ; (2.2)

whereagain Stokes' theorem is exploited and dl j denotesthe j th component of the
line element ds times the unit normal which at every point is perpendicular to the
boundary curve @¢ A of ¢ A.
Generally, we do not want to restrict ourselvesto °at interfaces. The stresstensor
must thus be generalizedin order to calculate forcesin curved manifolds. Let us
considera two-dimensionalsimply connectedsurfacedomain § 0 with local frame
f ea; n g, a 2 f 1; 2g (seealso App. B.1). The stresstensor f can then be written
as a pair of vectors f a 2 R3, where f a is the force acting on the unit line element
perpendicularto the ea axis in every point of the surfacepatch.2 With this de¯nition
Eqn. (2.2) turns into3

F § 0 =
I

@§ 0

ds laf a =
Z

§ 0

dA r af a ; (2.3)

where the vector l = laea is the outward pointing unit normal to the boundary
curve @§ 0, which by construction is alsotangential to § (seeFig. 2.2). The variable
s measuresthe arc length on @§ 0. The symbol r a denotesthe metric-compatible
covariant derivative on the surface(seeApp. B.1).

2 In the caseof a °at interface such as in Fig. 2.1(b), e1 = x and e2 = y . Thus: f 1 ´ f x =
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2.2 Derivation of the surfacestresstensor

0
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t

Figure 2.2: Curvedsurfacedomain§ 0: at the boundary @§ 0 a localorthonormal frame
f l ; t ; n g canbeintroducedwith l beingtheoutward pointingunit normalto theboundary
curveandt the unit tangentvector. The unit vector n is normal to the surfaceand the
boundary curve.

Equation (2.3) will be exploited in Chap. 5 to calculate two-body interactions be-
tween colloids that are bound to an interface. In this chapter we will ¯rst begin
with deriving the stresstensor for interfacesin generaland for special cases.

2.2 Derivation of the surface stress tensor

2.2.1 Approach 1: Variation in the embedding functions

Implementation of the variation

Let us go back to the generalreparametrization invariant surfaceHamiltonian (1.1)
as introducedin the last chapter on p. 4:

H§ [X ] =
Z

§
dA H(gab; K ab; r aK bc; : : :) ; (2.4)

wheredA =
p

g d2» with g = jgabj (seeApp. B.1).
To ¯nd the equilibrium shape of the surface, i. e. the one which minimizes this
Hamiltonian, we need to calculate its responseto an in¯nitesimal deformation of
the embeddingfunctions X ! X + ±X (see[CG02b] for the following). In order to
do so, one ¯rst has to know how the geometry, i. e. gab,

p
g, K ab, etc. changes(see

App. C for the necessaryexpressions).

(f xx ; f yx ; f zx )T and f 2 ´ f y = (f xy ; f yy ; f zy )T .
3 Indices may be raisedand loweredwith help of the metric gab and its inversegab (seeApp. B.1).
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2 Stressesin interfaces

The deformation may be decomposedinto a part tangential and onenormal to the
surface:

±X = (ea ¢±X )ea + (n ¢±X )n

= ©aea + ª n : (2.5)

In the samemanner, the ¯rst variation of the functional (2.4) can be partitioned
into contributions originating from purely tangential and purely normal variations:

±H = ±kH + ±? H : (2.6)

Note that the Hamiltonian shall be restricted to a simply connectedsurfacedomain
§ 0 for the following. For easeof notations its boundary @§ 0 is chosento be simply
connected,too [CG02b].
For an arbitrary deformation onegets for the variation of the Hamiltonian

±H§ 0 =
Z

§ 0

d2»
h
(±

p
g)H +

p
g(±H)

i
: (2.7)

The decomposition yields for the tangential deformation

±kH§ 0 =
Z

§ 0

d2»
h
(±k

p
g)H +

p
g(±kH)

i

(C.9),(C.20)
=

Z

§ 0

dA
h
(r a©a)H + (©ar aH)

i

=
Z

§ 0

dA r a(H ©a) ; (2.8)

wherewe made useof the fact that the Hamiltonian density H is a surfacescalar.
Note thereforethat the tangential variation (2.8) is a pure boundary term:

Z

§ 0

dA r a(H ©a) =
I

@§ 0

ds H la©a ; (2.9)

where l = laea is the outward pointing unit normal to the boundary curve @§ 0 as
introducedin the previoussection(seeFig. 2.2).
The normal variation can be cast as a bulk part plus a pure divergence

±? H§ 0 =
Z

§ 0

d2»
h
(±?

p
g)H +

p
g(±? H)

i

=
Z

§ 0

dA
h
E(H)ª + r aSa[ª]

i
: (2.10)

The term E(H) is the bulk Euler-Lagrangederivative of H with respect to surface
deformations. It is purely normal. Note that its vanishing,asusual, determinesthe
shape of the interface. Hence,E = 0 is alsocalled the \shape equation".
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2.2 Derivation of the surfacestresstensor

All surfacegradients and higher derivatives of ª are collected via integration by
parts in the linear di®erential operator Sa

Sa[ª] = Sa
(0) ª + Sab

(1) r bª + : : : : (2.11)

One example of how E(H) and Sa[ª] can be extracted from the normal varia-
tion (2.10) will be shown at the end of this section.
Combining the two independent variations, (2.8) and (2.10), accordingto (2.6) we
get as the ¯rst variation of the functional (2.4) [CG02b]:4

±H§ 0 =
Z

§ 0

dA E(H) n ¢±X +
Z

§ 0

dA r aQa ; (2.12)

where the divergencein (2.12) originates from the tangential variations as well as
the derivativesof normal variations:

Qa = Sa[ª] + H ©a : (2.13)

The stress tensor|a conserved Noether current

Now, suppose±X = a 2 R3 is simply an arbitrary constant translation, that of
courseleavesthe Hamiltonian invariant. In this case,the di®erential operator Qa is
simply proportional to a asonecan seeby inserting ª = n ¢a and ©a = ea ¢a into
Eqn. (2.13) and exploiting the linearity of Sa. Eqn. (2.12) then turns into

±H§ 0 =
Z

§ 0

dA E(H) n ¢a ¡
Z

§ 0

dA r a(f a ¢a)

= a ¢
Z

§ 0

dA
h
E(H) n ¡ r af a

i
!= 0 : (2.14)

Here, the vector f a is introducedaccordingto

Qa = ¡ f a ¢a : (2.15)

The integral in Eqn. (2.14) must be equal to zero becausea can be arbitrarily
chosen.Moreover, the integrand in Eqn. (2.14) vanishespointwisebecause§ 0 may
be arbitrarily chosenas well. Thus,

r af a = E(H)n : (2.16)

Examplesof f a and E(H) for a few Hamiltonians will be calculated in Sec.2.3 and
can be found in Table 2.1 on p. 29.

4 Note that ª = n ¢±X according to Eqn. (2.5).
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2 Stressesin interfaces

One may decomposef a into its tangential and normal parts

f a = f abeb + f an ; (2.17)

which by exploiting the Weingartenand Gaussequations(B.30) and (B.32) yields

r af a = (r af ab + K b
af a)eb + (r af a ¡ K abf ab)n : (2.18)

The projectionsof Eqn. (2.16) onto the surfaceand the surfacenormal, respectively,
can then be written as

r af a ¡ K abf ab = E(H) ; (2.19)

r af ab + K b
af a = 0 : (2.20)

The normal projection (2.19) is equal to the Euler-Lagrangederivative E(H). The
two tangential projections(2.20)areconsistencyconditionson f a and f ab that re°ect
the reparametrization invarianceof the Hamiltonian; indeed, they are independent
of the Euler-Lagrangederivative.
If we now focus on true equilibrium surfaces, which are stationary with respect to
arbitrary variations5, the Euler-Lagrange(\shape") equation E(H) = 0 also holds,
and Eqn. (2.16) becomes

r af a = 0 : (2.21)

This is a conservation law for the vector f a. Its existenceis simply a consequenceof
Noether's theorem: a continuoussymmetry implies an associated conserved current
(f a in this case).
It is not by chancethat the symbol f a is chosenfor the Noether current: it is exactly
the surface stresstensor as it wasdiscussedin Sec.2.1. One can seethat by having
a closerlook at Eqn. (2.14) for E(H) = 0:

±H§ 0 = ¡ a ¢
Z

§ 0

dA r af a : (2.22)

This equation states that an in¯nitesimal changein energyis equal to the negative
product of an in¯nitesimal translation times an integral. Thus, this integral must
be a force. If we compareit with Eqn. (2.3), it becomesclear that f a must be the
surfacestresstensor.
If there are global constraints imposedon the surfacegeometry, the Hamiltonian
contains further terms that have to be varied as well. Take, for instance, the case

5 Such an arbitrary variation could for instance be one, where the boundary is ¯xed and only the
interior of the surfaceis changed.
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2.2 Derivation of the surfacestresstensor

of a constant volume (seeSec.1.1.2, p. 10): an additional term ¡ PV enters the
Hamiltonian. Its variation yields

±(¡ PV)
(C.19)

= ¡ P
Z

§ 0

dA ª ; (2.23)

which leavesus with the modi¯ed shape equationE(H) = P. Eqn. (2.21) is replaced
by

r af a = P n : (2.24)

If onewants to have the stresstensordivergencefreeasoriginally, which will become
important later (seeSec.5.1), onemay rede¯ne it by writing the unit normal vector
as a pure divergence[Guv04b]:6

n =
1
2

r a

h
(X ¢ea)n ¡ (X ¢n )ea

i
; (2.25)

) f̧
a

:= f a ¡
1
2

P
h
(X ¢ea)n ¡ (X ¢n )ea

i
; (2.26)

and thus
r a f̧

a
= 0 : (2.27)

Example: The Hamiltonian density K n

In order to bring the abstract notions introducedin this sectionto life, let us focus
on the Hamiltonian density H = K n . The tangential variation of the corresponding
Hamiltonian is simply:

±kH§ 0

(2:8)
=

Z

§ 0

dA r a(K n ©a) : (2.28)

For the normal variation we get

±? H§ 0

(2:10)
=

Z

§ 0

d2»
h
(±?

p
g)K n +

p
g(±? K n )

i

(C.9)
=

Z

§ 0

dA
h
K n+1 ª + nK n¡ 1(±? K )

i

(C.16)
=

Z

§ 0

dA
h
K n+1 ª + nK n¡ 1(¡ ¢ª ¡ K abK abª)

i

=
Z

§ 0

dA
h

¡ n¢ K n¡ 1 + K n¡ 1(K 2 ¡ nK abK ab)
i
ª

¡ n
Z

§ 0

dA r a

h
K n¡ 1(r aª) ¡ (r aK n¡ 1)ª

i
; (2.29)

6 This relation can be checked by straightforward calculation.
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2 Stressesin interfaces

wherewe exploited the product rule of di®erentiation in the last step. The symbol
¢ = r ar a denotesthe metric-compatible Laplacian.
Following Eqn. (2.10) and (2.12) the Euler-Lagrangederivative E(H) and the di®er-
ential operators Sa[ª] and Qa are:

E(H) = ¡ n¢ K n¡ 1 + K n¡ 1(K 2 ¡ nK abK ab) (2.30)

Sa[ª] = ¡ n
h
K n¡ 1(r aª) ¡ (r aK n¡ 1)ª

i
(2.31)

Qa = ¡ n
h
K n¡ 1(r aª) ¡ (r aK n¡ 1)ª

i
+ K n©a : (2.32)

For a translation ±X = a one thereforegets:

Qa = ¡ n
h
K n¡ 1r a(n ¢a) ¡ (r aK n¡ 1)n ¢a

i
+ K nea ¢a

(B.30)
= ¡

h
(nK n¡ 1K ab ¡ K ngab)eb ¡ n(r aK n¡ 1)n

i
¢a : (2.33)

Comparing with Eqn. (2.15) yields the following result for the surfacestresstensor:

f a = (nK n¡ 1K ab ¡ K ngab)eb ¡ n(r aK n¡ 1)n : (2.34)

If we include the constraint of constant volume, the shape equation reads

¡ n¢ K n¡ 1 + K n¡ 1(K 2 ¡ nK abK ab)
(2:24)
= P : (2.35)

2.2.2 Approach 2: Using auxiliary variables

Implementation of constraints

In the previoussectionwe have seenhow the surfacestresstensor can be obtained
via a variation X ! X + ±X of the embedding functions. This, however, turned
out to be a rather involved calculation asit becameapparent in the exampleworked
out at the end of the previous section. The reasonfor this di±cult y is that the
tensorsgab; K ab; : : : indirectly depend on X via the structural relationships7

gab = ea ¢eb and K ab = ea ¢@bn ; (2.36)

and
ea = @X =@»a = @aX ; ea ¢n = 0 ; and n 2 = 1 ; (2.37)

and thereforehave to be varied as well (seeApp. C).
Here, an alternative way will be presented: the quantities gab, K ab, ea, and n are
treated asindependentauxiliary variables[Guv04a]. Consequently, Eqns.(2.36) and

7 Cf. Eqns. (B.2), (B.4), (B.5), and (B.20), in App. B.1. A discussionwhy just these structural
relationships are chosenfor the following can be found in [Guv04a].
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2.2 Derivation of the surfacestresstensor

(2.37) have to be enforcedvia Lagrangemultiplier functions. The new functional
HC [gab; K ab; r aK bc; : : : ; X ; ea; n ; ¸ ab; ¤ ab; f a; ¸ a

? ; ¸ n ] is then:

HC = H [gab; K ab; r aK bc; : : :] +
Z

dA f a ¢(ea ¡ @aX )

+
Z

dA [¸ ab(gab ¡ ea ¢eb) + ¤ ab(K ab ¡ ea ¢@bn )]

+
Z

dA [¸ a
? (ea ¢n ) + ¸ n (n 2 ¡ 1)] : (2.38)

The original Hamiltonian H is now consideredto be a function of the independent
variables gab, K ab, and its covariant derivatives, whereas¸ ab, ¤ ab, f a, ¸ a

? , and ¸ n

are the Lagrangemultipliers ¯xing the constraints (2.36) and (2.37). This greatly
simpli¯es the variational problem becausenow we do not have to determinehow the
deformation ±X propagatesthrough to gab,

p
g, K ab, etc.

Let us study the Euler-Lagrangeequationsfor X , ea, n , gab and K ab, respectively,

r af a = 0 ; (2.39a)

f a = (¤ acK b
c + 2¸ ab)eb ¡ ¸ a

? n ; (2.39b)

0 = (r b¤ ab + ¸ a
? )ea + (2¸ n ¡ ¤ abK ab)n ; (2.39c)

¸ ab = Tab=2 ; (2.39d)

¤ ab = ¡H ab : (2.39e)

In Eqn. (2.39b) the Weingarten equations@an = K b
aeb (B.30) have beenused, in

Eqn. (2.39c) the Gaussequationsr aeb = ¡ K abn (B.32). We alsode¯ne

H ab :=
±H

±K ab
and Tab := ¡ 2(

p
g)¡ 1 ±(

p
gH)

±gab
; (2.40)

wherewe call Tab the intrinsic stresstensor associated with the metric gab.
It is not by accident that the symbol f a denotesthe Lagrangemultiplier that anchors
ea to the embedding X . Indeed, it is identical to the surfacestresstensor as it has
been introduced in the two previous sections. This can be seenif one considers
a variation of the Hamiltonian HC : for a constant translation ±X = a one gets
[Guv04a]

±HC = ¡ a ¢
Z

dA r af a ; (2.41)

which is the analogto Eqn. (2.22).
Combining Eqns. (2.39), we ¯nd an expressionfor f a where all other Lagrange
multipliers are eliminated. From Eqn. (2.39c) we get ¸ a

? = ¡r b¤ ab becauseea and
n are linearly independent. Inserting this and Eqns. (2.39d,2.39e)into Eqn. (2.39b)
yields:

f a = (Tab ¡ H acK b
c)eb ¡ (r bH ab)n : (2.42)
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2 Stressesin interfaces

This generalexpressioncan be usedto calculate the stresstensor oncethe Hamil-
tonian density is speci¯ed, as we show in Sec.2.3 for a few examples.

The stress tensor including pressure

Eqns. (2.39) and (2.42) changeif one imposesfurther physical constraints. These
can be enforcedas usual by further Lagrangemultipliers.
If the surface,for instance,enclosesa ¯xed volume,a term ¡ PV hasto be included
in the functional (cf. Secs.1.1.2and 2.2.1):

HC;V ¯xed = ~HC ¡ PV
(C.17)

= ~HC ¡
1
3

P
Z

dA n ¢X : (2.43)

Notice that the original Lagrange multiplier functions f a; : : : of HC have to be
replacedby ~f

a
; : : : in ~HC becausethe additional term in the functional alsoinduces

changesin the other multipliers: Looking at the Euler-Lagrangeequations(2.39),
we notice that Eqns. (2.39b) for ea and (2.39e) for K ab are as before; the others
changeslightly:

r a
~f

a
=

1
3

P n ; (2.44a)

~f
a

= ( ~¤ acK b
c + 2~̧ab)eb ¡ ~̧a

? n ; (2.44b)

0 = (r b
~¤ ab + ~̧a

? ¡
1
3

P X ¢ea)ea

+(2 ~̧
n ¡ ~¤ abK ab ¡

1
3

P X ¢n )n ; (2.44c)

~̧ab =
1
2

Tab +
1
6

P(X ¢n )gab ; (2.44d)

~¤ ab = ¤ ab = ¡H ab ; (2.44e)

whereTab and H ab are de¯ned as in Eqn. (2.40). The Lagrangemultiplier function
~¤ ab is the only one that is equal to its counterpart ¤ ab. In Eqn. (2.44c) we made
useof completenessX = (X ¢ea)ea + (X ¢n )n . To get Eqn. (2.44d) it is necessary
to know that

±(
p

g)
±gab

=
1
2

p
ggab ; (2.45)

which can be derived by exploiting Eqn. (C.7).
Combining Eqns.(2.44) in the sameway asEqns.(2.39)aboveresultsin the following
expressionfor the surfacestresstensor:

~f
a

=
h
Tac ¡ H acK b

c +
1
3

P(X ¢n )gab
i
eb ¡

h
r bH ab +

1
3

P(X ¢ea)
i
n (2.46)

= f a ¡
1
3

P
h
(X ¢ea)n ¡ (X ¢n )ea

i
; (2.47)
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2.3 The surfacestresstensor of special interfaces

wheref a is the original stresstensor(2.42). Applying identit y (2.25) for the normal
vector again, allows Eqn. (2.44a) to be rewritten as

r af a = P n ; (2.48)

which is identical to Eqn. (2.24).

2.3 The surface stress tensor of special interfaces

In Sec.2.2.2 the generalexpression

f a = (Tab ¡ H acK b
c)eb ¡ r bH abn (2.49)

for the surfacestresstensor has beenderived. Here, Eqn. (2.49) will be specialized
to a few important standard cases(seeChap. 1). In addition, the Euler-Lagrange
derivative E will be calculatedvia Eqn. (2.19).
The simplest Hamiltonian density is H = 1 which is (up to a constant prefactor)
the Hamiltonian density of a soap¯lm (seeSec.1.1.2). According to Eqn. (2.40) we

get: H ab = ±H=±K ab = 0 and Tab = ¡ 2(
p

g)¡ 1±(
p

gH)=±gab
(2.45)
= ¡ gab. Thus,

f a (2:49)
= ¡ gabeb ; and (2.50)

E
(2:19)
= r af a ¡ K abf ab = ¡ K ab(¡ gab)

(B.26)
= K : (2.51)

Note that the functional derivatives ± in this ¯rst caseare equal to the partial
derivatives@becauseH doesnot depend on higher derivativesof gab or K ab.
This is also true for the Hamiltonian density H = K n = (gabK ab)n (with n 2 N,
where the casen = 2 is relevant for °uid membranes,seeSec.1.2). One derives:8

H ab = nK n¡ 1gab and Tab = 2nK n¡ 1K ab ¡ K ngab which gives

f a = (nK n¡ 1K ab ¡ K ngab)eb ¡ n(r aK n¡ 1)n ; and (2.52)

E =
h
R ¡

¡
1 ¡

1
n

¢
K 2 ¡ ¢

i
nK n¡ 1 : (2.53)

Note that Eqns. (2.52) and (2.53) are identical to the results obtained earlier via
the variational approach (seeEqns. (2.34) and apply Eqn. (B.40) to (2.30)).
Considernow H = K abK ab: applying Eqn. (2.49) in this caseyields for the stress
tensor

f a = (2K acK b
c ¡ K cdK cdgab)eb ¡ 2(r bK ab)n : (2.54)

8 One has to be careful, however, when di®erentiating with respect to gab: the tensor K ab is the
independent variable|whic h is why a derivative with respect to gab yields zero|whereas K ab

dependson the metric through its inverseand thus yields a nontrivial term when di®erentiated.

27



2 Stressesin interfaces

Beforediscussingthe Euler-Lagrangederivative, let us rewrite this expressionwith
the help of Eqns. (B.39, B.40) and (B.15,B.35), respectively:

f a =
h
2(K K ab ¡ Rab) ¡ (K 2 ¡ R)gab

i
eb ¡ 2(r aK )n

=
h
(2K K ab ¡ K 2gab) + (Rgab ¡ 2Rab)

i
eb ¡ 2(r aK )n ; (2.55)

whereRab is the Ricci tensor. In two dimensions(seeEqns. (B.41) and (B.42)):

Rgab ¡ 2Rab = 0 : (2.56)

Thus, the stresstensor for H = K abK ab is exactly the sameas for H = K 2 (cf.
Eqn. (2.52) for n = 2). One can thereforealsoread o®the Euler-Lagrangeequation
for H = K abK ab from Eqn. (2.53):

E =
h
R ¡

1
2

K 2 ¡ ¢
i
2K : (2.57)

Exploiting the linearity of the stresstensorwith respect to H and respecting R
(B.40)

=
K 2 ¡ K abK ab one immediately gets9

f a = 0 ) E = 0 ; (2.58)

for H = R.
Finally, let us considerH = 1

2(r cK )(r cK ) ´ 1
2(r K )2. Now one has to keep in

mind that H ab and Tab are functional derivatives

H ab =
±H

±K ab
=

@H
@K ab

¡ r c

³ @H
@r cK ab

´
; (2.59)

becauseH dependson derivativesof K ab. We get

H ab = ¡r c(gabr cK ) = ¡ gab¢ K : (2.60)

It is a bit more di±cult to determine T ab. To avoid mistakes, let us considerthe
variation of the Hamiltonian H = 1

2

R
dA (r K )2 with respect to the metric gab and

identify Tab at the end of the calculation. The variation yields:

±gH =
Z

d2» ±g[
p

g
2

(r K )2] =
Z

dA
1

2
p

g

n
±g[

p
g](r K )2 +

p
g±g[(r K )2]

o
: (2.61)

The ¯rst term can be obtained with the help of Eqn. (2.45):

±g[
p

g] =
1
2

p
ggab±gab : (2.62)

9 The stress tensor for H = R is only equal to zero in two dimensions due to Eqn. (2.56). In
general it is: f a = 2(Rab ¡ 1

2 Rgab)eb = 2Gabeb, where Gab is the Einstein tensor.
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2.3 The surfacestresstensor of special interfaces

H E f a f ab

1 K 0 ¡ gab

K n
£
R ¡

¡
1 ¡ 1

n

¢
K 2 ¡ ¢

¤
nK n¡ 1 ¡ n r aK n¡ 1 (nK ab ¡ K gab)K n¡ 1

K abK ab
£
R ¡ 1

2K 2 ¡ ¢
¤
2K ¡ 2r aK (2K ab ¡ K gab)K

R 0 0 0

1
2(r K )2 ´ 1

2¢
(r cK )(r cK )

(¢ + K 2 ¡ R)¢ K ¡ K ab¢£
(r aK )(r bK ) ¡ 1

2gab(r K )2
¤ r a¢ K

(r aK )(r bK ) ¡ 1
2gab

¢(r K )2 ¡ K ab¢ K

Table 2.1: Euler-LagrangederivativeE(H) and the componentsof the stresstensor
f a = f abeb+ f an for severalsimplescalar surfaceHamiltoniandensitiesH . Noticethat
K 2 andK abK ab yield identicalE and f a (seetext in this section).

For the secondwe needto calculate10

±g[(r K )2] = ±g[gab](r aK )(r bK ) + 2gab(r aK )±g[r bK ]

= ¡ (r aK )(r bK )±gab + 2gab(r aK )r b(K cd±gcd)

= ¡ (r aK )(r bK )±gab ¡ 2gab(r aK )r b(K cd±gcd) ; (2.63)

where±ggab = ¡ gacgbd±gcd was exploited twice (cf. Eqn. (C.5)).
Inserting Eqns. (2.62) and (2.63) in (2.61) we get

±gH =
Z

dA
1
2

h1
2

gab(r K )2 ¡ (r aK )(r bK )
i
±gab ¡

Z
dA gab(r aK )r b(K cd±gcd) :

(2.64)
The last term can be rewritten asZ

dA gab(r aK )r b(K cd±gcd) = ¡
Z

dA K ab¢ K ±gab

+
Z

dA r b

h
gab(r aK )K cd±gcd

i
; (2.65)

where the secondterm of the right hand side is a total divergenceand can be cast
as a boundary term. Therefore,it doesnot contribute to T ab:

±gH
(2:40)
= ¡

1
2

Z
dA Tab±gab + boundary terms ; (2.66)

10 Note that one again has to be careful (cf. footnote 8, p. 27): not only K ab but also r a now
dependson the metric through its inverse. However, r a is independent of gab becauseit acts on
the scalar K and can thus be written as @=@»a (seeApp. B.1).
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2 Stressesin interfaces

with
Tab = (r aK ) (r bK ) ¡

1
2

gab(r K )2 ¡ 2K ab¢ K : (2.67)

Thus, we get with the help of Eqns. (2.49) and (2.19)

f a =
h
(r aK ) (r bK ) ¡

1
2

gab(r K )2 ¡ K ab¢ K
i
eb + r a¢ K n ; and (2.68)

E = (¢ + K 2 ¡ R)¢ K ¡ K ab
h
(r aK )(r bK ) ¡

1
2

gab(r K )2
i

; (2.69)

for H = 1
2(r K )2.

All results of this sectionare summarizedin Table 2.1. In Chaps.5 and 6 they will
be exploited to calculate interfacemediated forcesbetweencolloidal particles.
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3 One colloidal particle at an
interface

In the previoustwo chapterswe have discussedfree interfacesand stressesin them.
Let us now considerwhat happens when a secondcomponent comesinto play: a
solid particle that is bound to the interface, either becauseof adhesionor because
it is embeddedin it. 1

In this thesis, the focus is on interfaceswhoseenergeticscan be described by the
Hamiltonian (1.1). In Sec.3.1.2 we will seethat gravit y cannot be described with
such a functional. One may neglect gravit y, however, if one restricts the size of
the particle to length scalessmaller than 1 ¹ m (seeSec.3.1.2). Furthermore, the
mesoscopicview on the system as introduced in Chap. 1 on p. 3 should still be
appropriate, which is why the particle should alsobe bigger than 1 nm.
Particles of that sizeare called colloidal particles [BM93, p. 105]. This name was
coined by the Scottish scientist Thomas Graham when investigating solutions, in
which the dissolved specieswasnot able to di®usethrough a semi-permeablemem-
brane (\ · ¶o¸¸® " means\glue" in Greek) [DGR02, I1.16]. Typical examplesof col-
loidal particles are polymers, in particular biopolymers such as proteins, but also
smoke or dust particles.
In this chapter, the focus will be on systemswhereone colloidal particle is bound
to a liquid-gas interface(Sec.3.1) and a °uid membrane (Sec.3.2), respectively.

3.1 The three-phase boundary solid/liquid/gas

3.1.1 The Young-Dupr¶e equation

The standard derivation

First, consider the caseof a three-phaseboundary solid/liquid/gas: Assumethat
a liquid drop adheresto an ideally °at solid substrate surrounded by a gas.2 In
equilibrium the drop will have a certain shape which is determinedby the interplay

1 The latter caseis of particular interest in the caseof °uid membranesbecauseproteins can be
modeled as solid membrane inclusions (seeSecs.1.2.3 and 3.2.2).

2 Note that all results in this section also hold for solid-liquid-°uid interfacesin general. The gas
as third phaseis only chosenfor notational simplicit y.
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3 One colloidal particle at an interface
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Figure 3.1: Balanceof forcesat the three-phaseboundary solid/liquid/gas

of three di®erent components: the surfacetension ¾of the liquid-gas interface, the
surfacetension¾sg of the solid-gas,and the tension¾sl of the solid-liquid interface.3

Becauseof that interplay, the anglebetweenthe solid and the liquid surfaceon the
three-phasecontact line will adjust to a special value. This angle ® is called the
contact angleand is depicted in Fig. 3.1 together with the three tensions.
In the horizontal direction forcescausedby the tensionsmust balancein equilibrium.
By simple vector addition we obtain the equation (seeagain Fig. 3.1):

¾sg = ¾cos®+ ¾sl : (3.1)

The energyper areathat is gained by bringing a separateliquid drop and a separate
solid together sothat their surfacesare partially in contact with each other is called
the adhesionenergyu. It consistsof two components: energyis gainedbecausethe
two separatesurfacesdo not exist anymore. However, to form the new contact area
energymust be expended. Thus, we can write:

u =
³

¾+ ¾sg

´
¡ ¾sl : (3.2)

Combining Eqns. (3.1) and (3.2) we get:

u = ¾
³

1 + cos®
´

: (3.3)

This equation is the well-known Young-Dupr¶e equation (see for instance [BM93,
p. 55 et seq.]). It is a local condition that holds at every point of the contact line.

Derivation via the stress tensor

In the previoussectionwe have viewed ¾, ¾sg, and ¾sl astensionsthat are tangential
to the surfacein agreement with the introductory remarksof Sec.1.1.1. Why could
we do this? The reasonis that we actually balancedthe stresstensors,which are

3 Note that the conceptof surfacetension|un til now only applied to liquid-°uid interfaces|ma y
be generalizedto include solid-°uid interfaces.
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3.1 The three-phaseboundary solid/liquid/gas
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Figure 3.2: Geometryof a liquid drop on a °at solidsubstrate

purely tangential to the surfacein the caseof a liquid-°uid interface. Its absolute
valuesare equal to the interfacial energiesas we have seenin Chapter 2.
Let us thereforeconsiderhow one can formally derive the result (3.3) by using the
surfacestresstensors[CG02a]. For that purposethe freepart and the boundedpart
of the surfaceof the liquid drop must be consideredseparately: for the free part of
the surface§ free the stresstensor can be written as (H = ¾, seeTable 2.1):

f a = ¡ ¾gabeb : (3.4)

For the boundedpart § bound onehas to take into account the adhesionenergy. We
get [CG02a]):

¹f a = ¡
³

¾¡ u
´

¹gab¹eb : (3.5)

In equilibrium the forcesmust balanceat every point of the boundary curve @§.
Considerthe stressdue to the free part (direction of l = laea seeFig. 3.2):

laf a (3:4)
= ¡ la¾gabeb = ¡ ¾l : (3.6)

For the bounded part one can do the same. The unit normal ¹l on the boundary
pointing tangentially out of § bound (seeFig. 3.2) can be written as:

¹l = ¹la¹ea : (3.7)

Thus, we get for the boundedpart:

¹la ¹f a (3:5)
= ¡ ¹la

³
¾¡ u

´
¹gab¹eb

(3:7)
= ¡

³
¾¡ u

´
¹l : (3.8)

Balancing the forcesat the boundary yields:

¡ ¾l ¡
³

¾¡ u
´
¹l + f c = 0 ; (3.9)
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3 One colloidal particle at an interface

Figure 3.3: Sewingneedle°oating on water

wheref c is introducedas a force of constraint (per length) that balancesthe force
component normal to the solid causedby laf a: f n = ¡ ¾l ¢¹n = ¡ f c . This force
must be provided by the substrate.
The projection horizontal to the solid yields:

¡ ¾l ¢¹l ¡
³

¾¡ u
´
¹l ¢¹l = 0

¡ ¾l ¢¹l ¡ ¾+ u = 0

¾
³

l ¢¹l + 1
´

= u : (3.10)

l and¹l areunit vectors,thereforel ¢¹l = cos(\ (l ; ¹l )) = cos® . The anglebetweenthe
two vectorsis equalto the contact angle®. Thus, (3.10) is exactly the Young-Dupr¶e
equation (3.3).
This type of calculation seemsto be a very convenient strategy for identifying con-
tact boundary conditions, particularly if one is interested in more generalsurface
Hamiltonians (such as bending). Unfortunately, contrary to what one might be-
lieve after consulting Ref. [CG02a], it becomesincorrect in thesecases.The correct
generalizationis currently under study [Guv04b].

3.1.2 Force balance for a colloidal particle °oating on a liquid

For a solidparticle adheringto a liquid-gasinterface,all forcescausedby the tensions
¾, ¾sg and ¾sl have to be included into the force balance. Observe that this has
implications beyond the Young-Dupr¶e equation, since as we have just seenthis
equation doesnot bother with forcesnormal to the solid substrate. In addition to
the tensions, gravit y also has to be taken into account|at least for macroscopic
particles like a sewingneedle°oating on water (seeFig. 3.3).
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3.1 The three-phaseboundary solid/liquid/gas

A heavy particle causesdeformationsof the originally °at interfacedueto its weight.
For the liquid, surfacetensionand gravit y are the only physicalquantities contribut-
ing to the energy. The former is already included in the Hamiltonian (1.3), but for
the latter we have to add a potential energycontribution:

H =
Z

§
dA ¾+ Epot : (3.11)

To get an expressionfor Epot it is convenient to changeinto a surfaceparametrization
that is calledMongegauge. In this parametrization the surfaceis described in terms
of its height h(x; y) = h(r ) above an underlying referenceplane asa function of the
orthogonal coordinatesx and y. This is clearly applicableas long asthe surfacehas
no overhangs(seeApp. B.3).
Imaginenow to lift a small cylinder of the liquid with areaA to a height h above its
original position. It then gainsa potential energyof

Rh
0 dh0 (Ah0¢ ½)g = 1

2¢ ½gh2A,
where ¢ ½:= ½l ¡ ½g is the density di®erencebetween the density of the liquid ½l

and the density of the gas½g, and g is the accelerationdue to gravit y.
This can be generalizedto get the potential energyof the free liquid:

Epot =
1
2

Z

§
dx dy ¢ ½gh2 : (3.12)

A characteristic length ` of the system can now be obtained by combining the
corresponding quantities ¢ ½, g and ¾:

` :=
r

¾
g¢ ½

: (3.13)

The length ` is calledthe capillary length([`] = m). For a water-air interfaceits value
is about

p
0:073=(10£ 1000)m ¼ 2:7 mm at room temperature. An interpretation

of ` canbe found if oneconsiderssurfacesthat deviateonly weakly from a plane(see
App. B.3). The in¯nitesimal areaelement dA can then be written approximately as
dA = 1 + 1

2(r h)2 (seeEqn. (B.53)), which yields for the Hamiltonian (3.11):

H =
1
2

Z

§
dx dy

h
¾(r h)2 + ¢ ½gh2

i

(3:13)
=

1
2

¢ ½g
Z

§
dx dy

h
(` r h)2 + h2

i
; (3.14)

neglecting the constant due to the ¯rst term in the expansionof dA. The shape
equation for this Hamiltonian can be written as:4

(r 2 ¡
1
`2

) h = 0 : (3.15)

4 Note that the symbol r 2 denotes the Laplacian of the (x,y) plane in contrast to the metric-
compatible Laplacian ¢ of the curvilinear surface.

35



3 One colloidal particle at an interface

A modeanalysisnow providesan interpretation for the capillary length. Considering
a surfacepatch of area¤ £ ¤ onemay write5

h(x; y) = h(r ) =
X

q

hq exp(iq ¢r ) ; (3.16)

with

q =
2¼
¤

µ
º x

º y

¶
with º x ; º y 2 Z : (3.17)

Then, the Hamiltonian (3.14) is proportional to

H /
X

q

jhq j2
h
(` q)2 + 1

i
: (3.18)

The inverse of the vector q is a measurefor the length on which perturbations
arise. If it is much smaller than the capillary length `, the term (` q)2 becomesthe
dominant term in Eqn. (3.18) and gravit y can be neglected.
One may therefore neglect deformations due to the weight of the particle and|as
a consequence|the weight of the particle itself, if one considers the interface on
lengthscalesmuchsmaller than the capillary length,which is the casein the colloidal
domain (compare the sizeof a colloidal particle (. 1 ¹ m) to the capillary length of
a typical liquid-gasinterface suchas water-air (about 1 mm)).
Consider therefore a weightlesscolloidal particle °oating on the liquid: the area
of the surfaceis minimized if the surfaceis °at. At the boundary the tensions¾,
¾sg, and ¾sl can balanceaccordingto the Young-Dupr¶e equation. Hence,onewould
naively expect that in equilibrium the colloid immersesjust deepenoughinto the
liquid such asto match the appropriate contact anglewith a °at liquid surface.But
there is a problem: what happensto the normal force at the contact line? For the
naive scenarioto hold, it would have to be balancedby another force (which was
called force of constraint in Sec.3.1.1).
It turns out that such a forceexists: it is the forceF L causedby the Laplacepressure
(seeSec.1.1.2).6 Hence,at least for cylindrical and sphericalparticles, the objects
we will mainly deal with, the suspicionthat the liquid surfaceremains°at is indeed
con¯rmed, even though the deeper reasonfor this is a bit more subtle.
Let us derive that for the caseof a sphere7 with radius a and ¯xed angle µ0 of
immersion (seeFig. 3.4). We will show that all forceswill balanceif the interface
is °at. If we require the Young-Dupr¶e equation to hold, the tangential forcesat the
contact line already balance, and we will subsequently only have to worry about
the normal ones. Our proposed counter-balance force F L consistsof two parts:

5 One takesa Fourier sum instead of an integral becausethe area is not in¯nite.
6 Equation (1.7) can also be applied to a solid spherehere becauseboth solid-°uid interfacesare

treated as the liquid-gas one by assigningsurfacetensionsto all of them.
7 The calculation can be done in the samemanner for a cylinder.
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3.1 The three-phaseboundary solid/liquid/gas
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Figure 3.4: Sphere°oating on a liquid

F L = F sg + F sl. The forceF sg is causedby the LaplacepressurePsg which acts on
the upper part § sg of the spherebeing in contact with the gas. F sl is causedby the
LaplacepressurePsl which acts on the lower part § sl of the spherebeing in contact
with the liquid.
The relevant component of the forcesis the vertical projection parallel to z. The
horizontal projections in fact cancel out becauseof the axial symmetry. For the
vertical components we get, using sphericalcoordinates (r; µ; Á):8

F sg ¢z = ¡
Z

§ sg

dA Psg n ¢z = ¡ Psg a2
Z 2¼

0
dÁ

Z ¼¡ µ0

0
dµ sinµcosµ

= ¡
¼
2

a2Psg[1 ¡ cos(2µ0)]

Psg=
2¾sg

a= ¡ ¼a¾sg[1 ¡ cos(2µ0)] ; (3.19)

and

F sl ¢z = ¡
Z

§ sl

dA Psl n ¢z = ¡ Psl a2
Z 2¼

0
dÁ

Z ¼

¼¡ µ0

dµ sinµcosµ

=
¼
2

a2Psl[1 ¡ cos(2µ0)]

Psl =
2¾sl

a= ¼a¾sl[1 ¡ cos(2µ0)] : (3.20)

Combining the two forcesyields

F L ¢z = ¼a[1 ¡ cos(2µ0)](¾sl ¡ ¾sg)
(3:1)
= ¡ ¼a[1 ¡ cos(2µ0)]¾cos®

= ¡ 2¼asin2 µ0 ¾cos® : (3.21)

8 Note that µ measuresfrom the \north pole".
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3 One colloidal particle at an interface

The force normal to the solid F n at the three-phaseboundary is equal to (cf.
Sec.3.1.1and remember that the surfacetensionis a forceper unit line and therefore
has to be multiplied by the length of the contact line):

F n = (2¼asinµ0) ¾sin® : (3.22)

Therefore,the component parallel to z is:

F n ¢z = (2¼asinµ0) ¾sin®cos®
®=( ¼¡ µ0 )

= (2¼asinµ0) ¾sin(¼¡ µ0) cos®

= 2¼asin2 µ0 ¾cos® : (3.23)

This is indeedexactly canceledby the forcedueto the Laplacepressure,Eqn. (3.21),
which provesthat our assumptionwascorrectand the interfaceis really °at|at least
in the caseof sphericalor cylindrical colloids.

3.1.3 Pinning of the contact line

For arbitrarily shaped particles the situation is di®erent: As before,the contact line
at the three-phaseboundary tries to adjust to the Young-Dupr¶e equation in every
point. This, however, would be generally impossibleif the interfacewere to remain
°at. In addition to that, pinning of the contact line may occur. This describesthe
situation wherethe contact line is pinned to impurities on the surfacesuch that the
Young-Dupr¶e equation is generallynot satis¯ed. Onecanobserve that, for example,
every morning when eating corn°akesfor breakfast (seeFig. 3.5). Even in the case
of spherical or cylindrical particles, pinning may lead to a nontrivial contact line
and thus to interfacedeformations.
If onewants to know the actual shape of the interface in this case,onehas to solve
the shape equation K = 0 (seeTable 2.1), which in small gradient expansion(see
Eqn. (B.52)) turns into

r 2h(r ) = 0 : (3.24)

The boundary conditions ¯x the height h at the contact line C. This problem
evidently corresponds to the Dirichlet problem for a potential in electrostatics. In
both cases,the solution can be obtained by using the Greenfunction G(r ; r 0) of the
two-dimensionalLaplacian, which is ln jr ¡ r 0j

2¼ . Applying Green'ssecondidentit y, one
gets for the height function (or potential in electrostatics)[Jac75]:

h(r ) =
I

C
ds0

"
@h(r 0)

@n0
G(r ; r 0) ¡ h(r 0)

@G(r ; r 0)
@n0

#

; (3.25)

wheres0 is the arc length of the boundary curve C and @
@n0 the derivative along the

vector normal to the colloid. Solving this integral equation yields the shape of the
surface.
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3.2 Colloidal particle bound to a °uid membrane

Figure 3.5: Onecorn°ake on milk. Somespots wherepinningof the contactlineoccurs
are denotedby the blackarrows.

3.2 Colloidal particle bound to a °uid membrane

Apart from liquid-gas interfaces(or more generally \soap ¯lm type" interfaces,see
Sec.1.1) the main focus in this work lies on °uid membranes(seeSec.1.2). In the
present sectionwe will thereforestudy the binding of a colloidal particle to a °uid
membrane.
Onemay distinguish two possiblebinding mechanisms: the colloid caneither adhere
to the membranedueto attractiv e interactions(seeSec.3.2.1)or it may beembedded
in it (seeSec.3.2.2).

3.2.1 Adhesion

In the caseof adhesion,boundaryconditionsanalogousto the Young-Dupr¶eequation
can be found. The ¯rst one follows from the fact that a membrane cannot have
any kinks, becausethis would lead to a singularity in the curvature energy (see
Eqn. (1.10)). This implies

® = ¼; (3.26)

where ® is the contact angle at the particle-membrane contact line. But sincethe
Hamiltonian for a °uid membrane is of higher order in surfacederivativesthan the
Hamiltonian for a liquid-°uid interface, there will be onemore boundary condition
which ¯xes the next order in surfacederivatives,namely the contact curvature.
But what doesthis boundary condition actually look like? And how can the shape
of the membrane be determinedif a colloidal particle adheresto it?
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3 One colloidal particle at an interface

Fluid membrane vesicle on a solid substrate

First, let us considera °uid membrane vesicleadhering to a solid substrate: this
situation is similar to the casewhere a liquid drop is bound to a solid substrate
(see Fig. 3.2); in particular its geometry is essentially the same. However, the
Hamiltonian is di®erent [CG02a]:9

H =
Z

§
dA

h
¾+

·
2

(K ¡ K 0)2
i

¡
Z

§ b ound

dA u ¡ PV ; (3.27)

whereu is the adhesionenergyper area. The topology of the vesicleshall be ¯xed,
which permits us to neglect the Gaussiancurvature term (cf. Hamiltonian (1.10)).
However, an excesspressureP is included (cf. Hamiltonian (1.4)).
At the boundary, the curvature tensors K ab and ¹K ab of the membrane and the
substrate, respectively, may be written with respect to the local coordinate frame
f l ; t g as

K a
b =

µ
K ? K ?k

K ?k K k

¶
; and ¹K a

b =
µ ¹K ?

¹K ?k
¹K ?k

¹K k

¶
: (3.28)

A variation of the Hamiltonian then yields the equilibrium boundary conditions
[CG02a]:

K ? ¡ ¹K ? =

r
2u
·

; K k = ¹K k ; and K ?k = ¹K ?k : (3.29)

Thesealsohave to hold when a colloidal particle adheresto a °uid membrane.

Adhesion of a spherical colloid to a °uid membrane

Let usnow restrict ourselvesto the caseof a colloid adheringto an elasticsymmetric
(K 0 = 0) °uid membrane with ¯xed topology and no excesspressure.The general
Hamiltonian (1.10) then simpli¯es to:

H =
Z

§
dA (¾+

·
2

K 2) ¡
Z

§ b ound

dA u : (3.30)

Note that from the two elastic constants ¾ and · one can de¯ne a characteristic
length

¸ :=

r
·
¾

; (3.31)

that separateslength scalesover which bending or tension are the dominant term.

9 Note that instead of the spontaneous curvature K 0 a term linear in the total curvature K is
included in the original Hamiltonian in Ref. [CG02a]. By multiplying out (K ¡ K 0)2 one can
seethat theseare two equivalent ways of formulating the problem.
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3.2 Colloidal particle bound to a °uid membrane

The shape of the bound membrane is ¯xed by the shape of the colloid. For the
shape of the free membrane, one has to set the Euler-Lagrangederivative E of the
free part of the Hamiltonian

H free =
Z

§
dA (¾+

·
2

K 2) ; (3.32)

to zero. From Table 2.1 onederives

¡ · ¢ K +
·
2

K (K 2 ¡ 2K abK ab) + ¾K != 0 : (3.33)

Changing to Monge parametrization again and consideringonly the small gradi-

ent regime (where higher order terms are neglectedand K
(B.52)

= ¡ r 2h), one gets
· r 2(r 2h) ¡ ¾r 2h = 0, or with the help of Eqn. (3.31)

r 2(r 2 ¡
1
¸ 2

)h = 0 : (3.34)

This di®erential equation is solved by eigenfunctionsof the Laplacian (correspond-
ing to the eigenvalues0 and ¸ ¡ 2) while respecting the appropriate boundary condi-
tions (3.26) and (3.29) [DB03].10

If oneconsidersa spherical colloid adheringto a °uid membrane,the generalsolution
of Eqn. (3.34) may be obtained by exploiting cylindrical symmetry and introducing
a coordinate systemwith variables½and Á as depicted in Fig. 3.6:

h(½) = h1 + h2 ln (½= )̧ + h3I 0(½= )̧ + h4K 0(½= )̧ ; (3.35)

whereI 0 and K 0 are the modi¯ed Besselfunctions of the ¯rst and the secondkind,
respectively.
The function I 0(½= )̧ divergesfor ½! 1 . Thus, if one wants the pro¯le to be °at
at in¯nit y, h3 = 0. One alsohasto bear in mind that the energydensity shouldstill
be integrable. This is not the casefor the ln (½= )̧ term. Therefore,h2 also has to
be zero.
The remaining coe±cients can be determined by exploiting the continuity of the
pro¯le and the slope at the contact line.11 One gets [DB03, Des04]

h(½) = ¡ acosµ0 + ¸ tan µ0
K 0(½= )̧ ¡ K 0(ka=¸)

K 1(ka=¸)
; with k := sinµ0 : (3.36)

This is the solution in the small gradient regimefor the free interface. The higher
the angleµ0 the worsethis approximation becomes(seeFig. 4 in Ref. [DB03]).

10 Note that the Eqns. (3.29) are still relevant for the whole problem becausethe terms
R

§ dA ¯ K
and ¡ PV , that were dropped out in (3.30), have no further in°uence on them.

11 The conditions K k = ¡ 1=a and K k? = 0 are then automatically ful¯lled.
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3 One colloidal particle at an interface
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Figure 3.6: Sphereadheringto a °uid membrane

Note that the last remaining boundary condition

K ? = ¡
1
a

+

r
2u
·

; (3.37)

derived from (3.29), hasnot beentaken into account yet. It is recoveredautomati-
cally if onesearchesfor true equilibrium shapesof the wholecomplexby minimizing
the completeHamiltonian (3.30) via @H

@µ0
= 0 [DB03, Des04].

If ¾ = 0, which meansthat the membrane is only characterizedby bending, one
can ¯nd an analytical solution even for the nonlinear Eqn. (3.33): for every possible
angleof detachment µ0, the freepart of the membraneforms a catenoid,which is an
axially symmetric minimal surfacewith K = 0 at every point and thereforedoesnot
contribute to the energy[Kre91]. Sinceadhesionenergyas well as bending energy
arenow simply proportional to the areaof the sphere,the colloid is either completely
wrapped by the membrane or not wrapped at all [Des04].

3.2.2 Membrane inclusions

Apart from adhering to an interface,colloidal particles may alsobe embedded in it.
One typical exampleis a protein inclusion in a membrane (seeSec.1.2.3).
Considera cone-shaped protein: onemay model such an inclusion asa circular disc
with radius a that simply imposesa ¯xed contact angle® on its circular boundary
(seefor instance[GBP93]). At the spot wherethe inclusion sits the membrane has
a \hole". Becauseof that, there is no needto include an adhesionenergyinto the
relevant Hamiltonian. For the samereason,the regionof integration, §, is no longer
simply connected.The Gaussiancurvature term (cf. Hamiltonian (1.10)), however,
can again be neglecteddue to the Gauss-Bonnettheorem: the geodesiccurvature
K g is ¯xed at the contact line due to the ¯xed contact angleand the integral over
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3.2 Colloidal particle bound to a °uid membrane

K G is thus a topological invariant (seeApp. B.2). Therefore,Eqn. (3.30) turns into:

H =
Z

§
dA (¾+

·
2

K 2) : (3.38)

The shape of such a membrane can be obtained in a similar way as in the previous
section. Now, however, the boundary condition is simpler: the derivative of the
height function h(½) is equalto the ¯xed contact angle®. Onegetsin small gradient
expansion

h(½) = ¡
®¸

K 1(a=¸)
K 0(a=¸) + const : (3.39)

In addition, one may imposemore complicatedboundary conditions for inclusions
that are anisotropic by locally ¯xing the extrinsic curvature tensor at the positions
of the inclusions [BF03, MM02]. Here, we will, however, restrict ourselves to the
caseof discoidal inclusions.
Furthermore, a protein may causea local changein thicknessof the membrane bi-
layer if its hydrophobicpart is smalleror larger than that of the bilayer (hydrophobic
mismatch) [DPS93]. This e®ect,however, will alsonot be studied in this work.
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3 One colloidal particle at an interface

44



4 Forces between interface-b ound
particles

4.1 Interface mediated interactions

In the previous chapter we have examined the manner in which a single particle
deformsan interfaceto which it is bound. Conversely, a deformation in the interface
can interact with a bound particle. A deformation ¯eld createdby one particle at
the interface may therefore interact with a secondparticle which is also bound to
the sameinterfaceand spatially separatedfrom the ¯rst one. The thereby induced
forcesare called interface mediated interactions.
In general,physical interactions betweenparticles are mediated by ¯elds: matter,
for instance, curves spacetimeitself; if it is charged, it will additionally interact
through the electromagnetic¯eld. Colloidal particles in suspensioncan also create
an e®ective ¯eld by distorting the order of an embedding liquid crystal and thereby
inducing an interaction of a more indirect nature [GFS03, PSLW97].
Interface mediated interactions are an important, purely geometrical example of
such interactions. At ¯rst glance,it is not obvious whether two particles of a certain
shape and bound to a certain interfacewill attract or repel each other: consider,for
instance,two identical sphericalparticles adhering to the samesideof an interface.
In the caseof a liquid-°uid interfaceincluding gravit y the spheresattract each other
[KN94]. If the interfacewerea tensionless°uid membraneand the particles wereto
adhereonly partially,1 they would feel a repulsion.2

One can ¯nd caseswherethe circumstancesget even more confusing: considertwo
cylindrical particlesadheringto the samesideof an interface,such asthe two sewing
needlesin Fig. 1 of the introduction. Let us neglectende®ectsand restrict ourselves
to the casewherethe cylinders are parallel to each other. We then obtain an e®ec-
tiv ely one-dimensionalproblem, which exhibits a surprising feature: if oneconsiders
a liquid-°uid interface including gravit y on the onehand, and a °uid membrane on
the other, one will seethat the shape of the interfacesis exactly the sameas long
1 Note that we have to arrangethings \b y hand" such asto avoid getting the equilibrium situation

of complete or zero wrapping (seeend of Sec.3.2.1), which would not lead to interface defor-
mations away from the sphere. This can be done, for instance, by making only one hemisphere
attractiv e with respect to the membrane.

2 The deformation of the free membrane due to one single spherecostsno energy(seeSec.3.2.1).
Bringing two spherestogether can therefore only raise the energy. This leadsto a repulsion.
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4 Forcesbetweeninterface-bound particles

°uid membr ane °uid membr anesoap ¯lm
without tension under tension

(H = ¾) (H = ·
2K 2) (H = ¾+ ·

2K 2)
no gravit y + gravit y same opposite same opposite

cylinder ® © ® ® ª ©

sphere ® © ® ® ? ?

inclusion | | ª ª ª © =ª

Table 4.1: Signof the interactionbetweentwo identicalcolloidsdependingon interface
typeandcolloidalshape(© = attraction, ª = repulsion,© =ª = attractionor repulsion
dependingon the particles' distance,® = no interaction, | = not relevant). In the
caseof the membranethe particlesmay eitheradhereto the sameor to opposite sides.
Note that pinning is not includedin this table becausethe sign of the force depends
stronglyon the shape andorientationof the pinnedcontact line (seeSecs.4.3 and6.1).

as the contact angle is equal to ¼ in both cases.3,4 But, although the shapes are
identical, the forcesare not! Even the sign is di®erent: Two cylinders on a liquid-
°uid interface attract each other (seeFig. 1), whereastwo cylinders at the same
membrane side feel a repulsion. This is understandableif one is clear on the fact
that the energeticsnot only determinesthe shape of the interfacebut alsothe stress
tensor (seeSec.2), which can be di®erent even though the shapes are the same.
The stresstensor, however, determinesthe forces,aswill be madeclear in Chap. 5.
These few introductory remarks serve to motivate our interest in the sign of in-
terface mediated interactions. In Table 4.1 an overview of possibleshape-interface
combinations is provided. For inclusions,the interactions are only known in linear
approximation, the questionmarks denotecaseswherethe sign is not known at all.
Most of the situations depictedin the table will be consideredin the following: ¯rst
by an energeticalapproach|whic h is the oneusedin the literature|and then by a
stresstensor approach, which is the new idea this thesis is basedupon.

3 In the membrane casethis is a necessaryboundary condition (seeEqn. (3.26)); in the liquid-°uid
caseone has to choosethe materials to be completely non-wetting.

4 One can seethat the shapes are identical for identical characteristic length scales,¸ = `, by
considering the two corresponding linearized shape Eqns. (3.15) and (3.34), which yield the
sameheight function if one respects the appropriate boundary conditions for the two cylinders.
By changing to an angle-arc length parametrization (see[SBL91] for instance), which is more
convenient than Monge in this case, one can show that the shapes are identical even if one
considersthe complete nonlinear problem.
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4.2 Forcesvia the energy

4.2 Forces via the energy

How can the interfacemediatedforcebe calculatedfor a given situation? To answer
that question let us considerthe energeticsof a two particle system: its complete
energy is not equal to twice the energy of the one particle system.5 It rather depends
on the relative positions of the two particles. Thus, a derivative of the energy with
respect to the appropriate coordinates yields the interface mediated force.
In order to get the energy for given particle positions, one has to ¯nd the energy
minimizing shape of the two particle-interface system ¯rst. There is, however, a
major obstacle: the relevant ¯eld equations are nonlinear di®erential equations.
Even if the Hamiltonian density H only dependson quadratic invariants such as in
the caseof the °uid membrane Hamiltonian (1.10), the interface is still curvilinear.
This is the reasonwhy it is usually impossibleto obtain exact analytical solutions.
One way to ¯nd at least approximate shapesis to restrict oneselfto essentially °at
interfaces,which allowsoneto parameterizethe surfacein Mongegauge,and expand
the height function and all other surfacequantities in a small gradient expansion
(seeApp. B.3). One then gets linear di®erential equationswhich can be solved by
Green functions. The boundary conditions at the contact lines, however, also have
to hold (seeChap. 3). A superposition ansatz in the spirit of Nicolson[Nic49] that
superimposestwo single-particle solutions of the ¯eld equationsnormally violates
theseboundaryconditions. But, evenif one¯nds solutionswherethey arerespected,
it is not clearat all how the result can be generalizedto the full nonlinear situation.
Thus, the energy cannot be calculated in general. Consequently, there is also no
chanceto di®erentiate it to get the force. It is possible,however, to gain newinsights
by consideringstresses:evenif the exactshapeis not known, certain symmetriesmay
be exploited to obtain exact formulas for the force, the sign of which is sometimes
evident.
Before demonstrating that, let us discussthe energeticapproach a bit closer for
the following situation, which we will restrict ourselves to in the rest of this work:
Consider a system of two identical colloidal particles bound to an asymptotically
°at interface, as is schematically sketched in Fig. 4.1. The surfaceis embeddedin
R3. We call the basis vectors of this three-dimensionalEuclidian spacef x ; y ; zg.
For the following we choosethe surfaceto be parallel to the (x; y) plane far away
from the colloids and align their centers along the x-direction such that the origin
of the coordinate systemis exactly in the middle betweenthe two particles.
Here, and also in all other examplesin the following chapters, the focus will be on
interfaceswhosefree parts can be described by the Hamiltonian density.6

H = ¾+
·
2

K 2 : (4.1)

5 This is due to the fact that the energy is in generalnot a linear function of the pro¯le.
6 Note in particular that gravit y will be neglectedby restricting the analysis to colloidal particles.
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4 Forcesbetweeninterface-bound particles

z

y

x

Figure 4.1: Two identical particles bound to an interface. Note that eachparticle
deforms the interface;in-betweenthe particlesthesedeformationsoverlap.

For · 6= 0 and ¾ 6= 0, H describes an elastic symmetric °uid membrane under
tension. However, Hamiltonian (4.1) is alsoapplicablefor soap¯lms (setting · = 0)
and tensionlessmembranes (setting ¾ = 0). Remember that the characteristic
length, marking the crossover betweentensionand bendingdominance,wasde¯ned
as ¸ =

p
·=¾ (seeSec.3.2.1).

Considering essentially °at interfaces, the Hamiltonian (4.1) can be rewritten in
small gradient expansion(seeApp. B.3, Eqns. (B.52) and (B.53)) as:

H =
Z

dx dy
h¾

2
(r h)2 +

·
2

(r 2h)2
i

: (4.2)

Applying the general approach as described above one starts an analysis of this
Hamiltonian by determining the energyminimizing shape of the surfacefor a given
attachment of two particles, that is h(x; y). This can be doneby solving the shape
equation with the appropriate boundary conditions. After reinserting the resulting
height function back into Eqn. (4.2), the energycan be calculated,which will then
parametrically depend on the distanced betweenthe bound particles. A derivative
of the energywith respect to d yields the forcesbetweenthem. This program has
beenfollowedvery frequently in the literature (seefor instance[SDJ00, FG02,Wei03,
WKH98]), which is why we will limit ourselvesto a brief discussionof oneexample
below. Explicit results for speci¯c situations can be found in Chap. 6 where the
quantitativ e comparisonto the stresstensor approach (seeChap. 5) will be drawn.
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4.3 Example: Two quadrupoleson a soap¯lm

(a) (b)

(c) (d)

Figure 4.2: Interactionof two quadrupoleson water. The two polyamiderings are
kinked in sucha way that their contact line forms a quadrupole.

4.3 Example: Two quadrupoles on a soap ¯lm

Let us now consideronebrief examplehere: a soap¯lm where

H =
¾
2

Z
dx dy (r h)2 : (4.3)

The interface has to ful¯ll the shape equation, which in small gradient expansion
becomes(seeEqn. (3.24))

r 2h(x; y) = 0 : (4.4)

In Sec.3.1.2 we noticed that a spherical or cylindrical colloidal particle does not
deform the interface. Therefore,no deformation ¯eld exists and the force between
two particles adhering to the interface must be equal to zero for all separating
distancesd (seeTable 4.1).
This changesif oneallows for pinning (seeSec.3.1.3). The height function can then
be calculated in a similar way to Eqn. (3.25): however, one now has to integrate
over both contact lines. The force is then obtained as described above.
Considertwo sphericalparticles with a contact line that departs only weakly from
a circle and let us expand its shape in a multip ole series. The lowest multip ole
order that causesa nontrivial term in lowest order of the energyis the quadrupole
[FG02, SDJ00] (seeFig. 4.1 wherethe particles' contact lines are quadrupoles).
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4 Forcesbetweeninterface-bound particles

Fig. 4.2givesan illustration of such a situation: two polyamideringsarecarefullyput
on a water-air interface. They are deformedin such a way that their circumference
is a quadrupole in the above-mentioned sense: the red marking denotesthe axis
at which the ring is bent down, the black at which it is bent up. Both particles
deform the interface. As soon as their deformationsoverlap they start to interact.
One observesthat identical colors \attract" (as can be seenfor the red markers in
Fig. 4.2).
One might suspect that the weight of the particles is the driving force, just as in
the caseof the two °oating sewingneedles(seeFig. 1 of the introduction). This is,
however, not true: by carefully pushing one of the markers of one quadrupole to a
same-colormarker of the other quadrupole, onecan easilycheck that red and black
markings actually repel each other. This shows that gravit y is not the dominant
e®ectbecauseit should result in an attraction irrespective of the quadrupole orien-
tation. Although macroscopic,the model systemin Fig. 4.2 is thereforeappropriate
to demonstrate forcesbetween colloidal particles. Note also that electrostatic or
magnetic interactions can be excludeddue to the material of the rings.
In Sec.6.1 the interface mediated forcesfor that particular casewill be calculated
explicitly in order to understandthe experimental observations mentioned here. In
the samechapter, calculationsfor other exampleswill alsobe presented.
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5 Forces via the stress tensor

5.1 General approach

Apart from di®erentiating energies,interfacemediated forcescan alsobe expressed
via integralsover the surfacestresstensor. Beforediscussingthat approach, however,
let us shortly summarizewhat hasbeenachievedsofar: in the ¯rst chapter, we have
learnedhow freeinterfacescanbedescribedand sortedaccordingto their energetics.
In Chap. 2, we have consideredstressesin interfacesand have found an expression
for the total internal force on a strained surfacepatch § 0 in terms of the surface
stresstensor f a:

F § 0 =
Z

§ 0

dA r af a =
I

@§ 0

ds laf a ; (5.1)

where l = laea is the outward pointing unit normal to the boundary curve (see
Eqn. (2.3)). We then have derived expressionsfor the surfacestresstensor of most
of the interfacesdiscussedin Chap. 1.
In Chap. 3, it hasbeenexplainedhow the shape of the interfacecan be determined
if one colloid is bound to it. This gave us the tools for studying the energeticsof
interfacemediated interactions in Chap. 4.
With all of this being done, it is now quite easyto formulate the problem in terms
of the stresstensor. Consider Eqn. (5.1) again: it is by de¯nition clear that the
total force must be zero in equilibrium if there are no external stressesacting on
§ 0. The situation changesas soon as external stressesact: a sourceof stress,e.g.
a colloidal particle adhering to a part of § 0, can causea non-zero total force on
the patch. Note that this force can be calculatedas the line integral of the surface
stresstensoralongany curve including the sourceaslong asit is closedand encircles
only this particular source,becausethe stresstensor is divergence free (seeChap. 2,
Eqn. (2.21)).1

Thesegeneralconsiderationscan be applied to special situations of interface me-
diated interactions between colloidal particles: let us look again at two identical

1 Contrary to colloids, which act locally, a pressuredi®erenceP acrossthe interface constitutes a
continuous sourceof stress. However, we have seenthat in this caseit is possibleto de¯ne a new
stresstensor f̧

a
which is again divergencefree (seeEqn. (2.27)). This should allow a treatment

of the interaction problem similar to the caseswithout excesspressurebut in the present work
we will not follow up on this program.
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1
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t

Figure 5.1: Illustration of how the force on one of a pair of particles bound to an
interfaceis givenasa closedline integralof the surfacestresstensor. The contourcan
subsequentlybe deformedto exploit the symmetryof the situation.

colloidal particles bound to an asymptotically °at surfaceas in Chap. 4. The co-
ordinate systemis the sameas beforewith the centers of the colloids being aligned
along the x-direction such that the origin is exactly in the middle betweenthe two
particles (seeSec.4.2 and Fig. 5.1).
A situation like that can only be stationary if external constraining forces ¯x the
particles' positions (see Sec. 4.2). Theseforcesare the sourcesof stressone actually
picks up while integrating. However, we want to know the forceacting on oneof the
particles if there wereno constraining forces. An additional minus sign stemsfrom
this.
Note also that only the separation of the particles shall be ¯xed. Their height and
orientation are free to change and therefore equilibrate. The sameholds for the
contact lines betweensurfaceand colloid.
The calculation of the forcesbetweenthe two colloidscan be simpli¯ed if the situa-
tion displays one of the two following symmetries: either a symmetry plane, which
is equal to the (y; z) plane(symmetric situation) or a twofold symmetry axis, which
coincideswith the y axis (antisymmetric situation), exist. The symmetric caseis,
for example,present if the two particles adhereat the samesideof the surface,the
antisymmetric one if they are at opposite sides(seeFig. 5.2).
If we restrict ourselves to such con¯gurations, we can exploit the fact that the
contour of the line integral (5.1) can be deformed: as it is sketched in Fig. 5.1,
the contour can be pulled open wide enoughsuch that the surfaceis ¯nally °at at
branches2, 3, and 4 and the stresstensor thus very simple. The contributions from
branches2 and 4 will in fact canceleach other; the only mathematically involved
term stemsfrom branch 1. An integration as in Eqn. (5.1) yields the force on the
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n
j

Figure 5.2: Illustrationof the geometryof a symmetric(solidline)andanantisymmetric
(dotted line) two-particle attachment. The symbol ' denotesthe anglebetweenthe
surfacenormal n and the z axis.

colloid. In all of the following it will be the forceon the left particle which is actually
calculated,but due to Newton's third law this force is of courseequaland opposite
to the force on the right particle.
With this in mind, the generalapproach can now be turned into exact analytical
expressions.

5.2 Explicit force formulas

Let us focusagainon the caseof an elasticsymmetric °uid membrane,described by
the Hamiltonian density

H = ¾+
·
2

K 2 : (5.2)

From Table 2.1, onereadso®the associated surfacestresstensor:

f a =
h
·

¡
K ab ¡

1
2

K gab
¢
K ¡ ¾gab

i
eb ¡ · (r aK ) n : (5.3)

The force on the left particle will be calculated in a coordinate system with the
(orthonormal) tangent vectorsf t ; l g asbasisvectorson the contour, wheret = taea

points alongthe integration line and l = laea points normally outward (seeFig. 5.1).
This simpli¯es the relevant quantities: the extrinsic curvature tensor is diagonal
along branch 1 becausethis branch is a line of curvature now due to the symmetry.
Thus, the principal curvatures are equal to K ? = lalbK ab and K k = tatbK ab.
For the force on the left particle stemming from branch 1 (seeFig. 5.1) one gets
accordingto Eqns. (5.1) and (5.3):

F 1 = ¡
Z

1
ds laf a

= ¡
Z

1
ds

½h
·

¡
laK ab ¡

1
2

K lb
¢
K ¡ ¾lb

i
eb ¡ · (lar aK ) n

¾
: (5.4)
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5 Forcesvia the stresstensor

Recall that the minus signout front comesfrom the fact that the interfacemediated
force on the particle is opposite to the external force necessaryto counterbalance
it (cf. discussionin Sec.5.1). The ¯rst term of the integrand can be rewritten by
exploiting completeness,gc

b = lblc + tbtc:

laK abeb = laK ab(lblc + tbtc)ec

= lalbK abl + latbK abt

= K ? l ; (5.5)

where latbK ab = 0 becausethe integration runs along a line of curvature. Further-
more, onede¯nes r ? := lar a = @=@l. With this, Eqn. (5.4) turns into

F 1 = ¡
Z

1
ds

½h
·

¡
K ? ¡

1
2

K
¢
K ¡ ¾

i
l ¡ · (r ? K ) n

¾
: (5.6)

Sincethe trace K of the extrinsic curvature tensorcan be written asK = K ? + K k,
this simpli¯es the force further to

F 1 = ¡
Z

1
ds

½h1
2

·
¡
K 2

? ¡ K 2
k

¢
¡ ¾

i
l ¡ ·

¡
r ? K

¢
n

¾
: (5.7)

This equationis oneof the central resultsof this work. In order to understandits im-
plications better, let usnow look separatelyat the two di®erent possiblesymmetries:
either a symmetry plane (symmetric situation) or a symmetry axis (antisymmetric
situation) exist (seeFig. 5.2 and discussionin Sec.5.1).

The symmetric case

Let us ¯rst considerthe symmetric case:tangent and normal vector on branch 1 lie
in the (y; z) plane,hencel = x (wherex is the unit vector pointing in the horizontal
x-direction). The derivative of K in the direction of l along branch 1, r ? K , is zero
due to mirror symmetry. On branch 3 the surfaceis °at and thus the stresstensor
is equal to f a;3 = ¡ ¾ea. With this information the total forceF 1 + F 3 = Fsymx on
the left particle can be written as:

Fsym = ¾¢ L ¡
1
2

·
Z

1
ds

¡
K 2

? ¡ K 2
k

¢
; (5.8)

where¢ L > 0 is the excesslength of branch 1 comparedto branch 3.
The contribution due to tension is attractiv e: it is positive, points therefore into
the positive x-direction and thus towards the other particle. Unfortunately, the
curvature contribution has no evident sign in general. However, for two parallel
cylinders adheringto the samesideof the interfacethe overall signbecomesobvious,
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e

ef

n
j

f

x

Figure 5.3: Two cylindersat opposite interfacesides. The vector f ? is the surface
stresstensor at the midline,e? the outward pointing unit normal to the midline,which
is alsotangentialto the surface,and f e? is the projectionof f ? onto e? .

as long as the particles are long enoughsuch that end e®ectscan be neglected:the
contribution K 2

k then vanishesbecausethe mid-curve becomesa line. For the same
reason¢ L = 0. This leadsto the formula

Fsym,cyl =L = ¡
1
2

·K 2
? ; (5.9)

whereL is the length of onecylinder. Thus, the two cylinders repel each other.

The antisymmetric case

In the antisymmetric casebranch 1 is a twofold symmetry axis and thereforea line;
henceK k = K ? = 0. While the signof r ? K k is not obvious, the derivative r ? K ? is
smaller than zerobecauseK ? changessign from positive to negative. The pro¯le on
the midline is always tilted by the angle ' (s) in the direction indicated in Fig. 5.2,
becausesituations with more than one nodal point in the height function between
the particles are expectedto have higher energies.The horizontal separationof the
particles is ¯xed; other degreesof freedom,such asthe height or the tilt, areallowed
to equilibrate (seeSec.5.1). The forceon the left particle is thereforeagainparallel
to x , F antisym = Fantisym x , and given by

Fantisym =
Z

1
ds

h
¾

¡
cos' (s) ¡ 1

¢
¡ · sin' (s) r ?

¡
K ? + K k

¢i
; (5.10)

whereit was exploited that x ¢l = cos' and x ¢n = ¡ sin' at the midpoint. Note
that the tension contribution is repulsive this time but the sign of the curvature
term is again not obvious.
If we restrict ourselvesto the caseof two parallel cylinders at opposite sidesof the
interface, however, then r ? K k is equal to zero. Furthermore, jf aj is constant on
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5 Forcesvia the stresstensor

each of the three membrane segments. The stresstensor at branch 1, f ? := f a;1,
must be horizontal to the x axis becausevertical components equilibrate to zeroas
mentioned above (seeFig. 5.3). De¯ning e? := l at branch 1, onecan write:

f e?
:= f ? ¢e? = (f ? ¢x )(x ¢e? ) : (5.11)

From this it follows that f ? ¢x = sign(f e? =x ¢e? ) jf ? j. We know that x ¢e? =
cos' > 0 and f e? = ¡ ¾< 0. Therefore, we ¯nd f ? = ¡j f ? jx at the midpoint.
This reducesEqn. (5.10) to

Fantisym,cyl =L = jf ? j ¡ ¾=
p

¾2 + (· r ? K ? )2 ¡ ¾¸ 0 ; (5.12)

which now implies particle attraction. The length L is again the length of one
cylinder.
Eqns. (5.8){(5.10) and (5.12) are the promisedanalytical force formulas which link
the force of interaction betweentwo attachedparticles to the geometry of the surface
at the midplane betweenthem. It is worth to reemphasizethat they are exact, even
in the nonlinear regime. To check their validit y in full generality is thus di±cult,
becausebasically no analytical results are known in the nonlinear case.In the next
chapter, in which such a check shall beperformed,wewill thereforecontent ourselves
to a comparisonwith analytically known results in the linear small gradient regime.
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6 Comparison between the
approaches

The idea of this chapter is to illustrate the validit y of the general stress tensor
approach by focusingon a few important examplesof two particles being attached
to either a soap¯lm (seeSec.6.1) or a membrane (seeSec.6.2).
The following problemshave alreadybeenconsideredin Refs.[SDJ00, FG02,Wei03,
WKH98] wheretheir energeticshavebeenstudied. Note, however, that this wasonly
donein the small gradient regime,using the Hamiltonian

H =
Z

dx dy
h¾

2
(r h)2 +

·
2

(r 2h)2
i

; (6.1)

and appropriate valuesfor ¾and · (seeEqn. (4.2)).
To draw a quantitativ e comparisonbetween the results of the literature and the
onesof the stresstensor approach, the force can be calculated in two ways: ¯rst,
by di®erentiating the energy found in the literature with respect to the particle
separation following the energy approach as it is explained in Sec.4.2. Second,
by inserting the given height pro¯le h(x; y) into the force formulas derived in the
previouschapter. In all casesthe outcometurns out to givecoincidingresults,which
validates our new formulas, at least in the linear regime.

6.1 Soap ¯lm type

For soap¯lms, · = 0 and we have

H =
¾
2

Z
dx dy (r h)2 : (6.2)

In Sec.4.3 we found out that two sphericalor cylindrical particles on a soap¯lm do
not interact with each other if their attachment to the ¯lm is governedby a simple
stress-adhesionbalance(Young-Dupr¶e equation). For symmetric and antisymmetric
con¯gurations this can be con¯rmed via the stresstensor approach: considertwo
parallel cylindrical colloids adhering to the sameside of the soap¯lm (symmetric
situation). Equation (5.8) states that the force is then proportional to the excess
length if one neglectsend e®ects.The excesslength, however, is equal to zero as
long as the contact lines are straight. Therefore,the force is alsozero. Likewise,in
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Figure 6.1: Coordinateschosenfor onequadrupole (seenfrom above)

the antisymmetric situation the soap¯lm betweenboth cylinders is °at as long as
the verticle particle positionscanequilibrate. Therefore,' (s) = 0 (seeFig. 5.2) and
Eqn. (5.10) yields zerofor the force, just as in the symmetric case.In an analogous
way oneobtains the sameresult for the caseof spheres.
Let us now considerpinning again and restrict ourselves to two sphericalparticles
with radius a and a contact line that only weakly departsfrom a circle (cf. Sec.4.3).
Stamou et al. [SDJ00] have studied this caseby using a superposition ansatz in
the spirit of Nicolson [Nic49]: ¯rst, the height function of one isolated particle is
calculatedwith the correctboundaryconditions. Then, the completeheight function
is assumedto be the sum of the two single-particle¯elds of each of the two colloids.
Strictly speaking, this approach destroys the boundary conditions at the particles'
contact lines but it gives the correct result in leading order in the limit of large
separation.1 Using polar coordinates ½and Á, the solution of the shape Eqn. (4.4)
for a singlespherecan be written as [SDJ00]

hsphere(½;Á) = A0 log
³ a

½

´
+

1X

m=1

Am cos[m(Á¡ Ám;0)]
³ a

½

´ m
; (6.3)

with multip olecoe±cients Am and phaseanglesÁm;0. The former canbedetermined
as follows: The monopole A0 vanishesbecausethere is no external force such as
gravit y dragging on the particle. The dipole coe±cient A1 parameterizesthe tilt
of the contact line relative to the z axis; it also vanishesif there is no external
torque acting on the sphere. All higher multip ole coe±cients can be read o®from
the Fourier expansionof the contact line at ½= a, in particular the quadrupole
coe±cient Q := A2. It is intuitiv ely obvious and indeedcon¯rmed by a morecareful
calculation [FG02, SDJ00] that the quadrupole is the lowest multip ole order that
causesa nontrivial term in lowest order of the energy.

1 Note that it is also possible to solve the shape equation exactly in small gradient expansion
[FG02]. However, both calculations yield the sameenergy in lowest order. Therefore, the easier
approach is presented here.
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Figure 6.2: Two quadrupoleson a soap¯lm (seenfrom above)

One can therefore restrict the calculation to the single-particle height function
[SDJ00]

hsphere(½;Á) = Q cos[2(Á ¡ Á0)]
³ a

½

´ 2
; (6.4)

where Á0 := Á2;0 is the angle that represents the rotation of the particle about z
(seeFig. 6.1).
If the completeheight function is then just a superposition asmentioned above, the
force on the left particle in lowest order is given by [FG02, SDJ00]

F sym,soap = ¡ F antisym,soap = 48¼¾Q2 a4

d5
x (6.5)

for a symmetric (Á0;A = ¡ Á0;B) and an antisymmetric (Á0;A = 0; Á0;B = ¼=2) situa-
tion, respectively (seeFig. 6.2). Note that this outcomecoincideswith the experi-
mental ¯ndings in Sec.4.3.
We now want to derive this result using the alternative stresstensor approach.

Symmetric situation

Let us considerthe symmetric case¯rst. According to Eqn. (5.8) the excesslength
of branch 1 comparedto branch 3 must be determined. This can be written as

¢ L = lim
L !1

n Z L=2

¡ L=2
dy

hq
1 + h2

y(0; y) ¡ 1
io

= lim
L !1

³ Z L=2

¡ L=2
dy

n 1
2

h2
y(0; y) + O[(r h)4]

o´
: (6.6)
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In Cartesian coordinates one gets for the height function at the symmetry line
betweenboth particles:

h(0; y) = 2Q cos[2(arctan
2y
d

+ Á0;A )]
a2

y2 + d2

4

: (6.7)

By di®erentiating with respect to y and inserting the result into the small gradient
term of Eqn. (6.6) oneobtains

¢ L = lim
L !1

h
96Q2 a4

d5
arctan

L
d

+ O(L ¡ 1)
i

= 48¼Q2 a4

d5
; (6.8)

which yields the sameattractiv e force as Eqn. (6.5) onceEqn. (5.8) is applied.

Antisymmetric situation

In the antisymmetric casethe force can be calculatedaccordingto Eqn. (5.10):

Fantisym,soap = ¾ lim
L !1

hZ L=2

¡ L=2
dy

³
n ¢z ¡ 1

´i

= ¾ lim
L !1

hZ L=2

¡ L=2
dy

³ 1
p

1 + h2
x (0; y)

¡ 1
´i

= ¾ lim
L !1

hZ L=2

¡ L=2
dy

³
¡

1
2

h2
x (0; y) + O[(r h)4]

´ i
: (6.9)

For the part of the height function betweenboth particles onegets:

h(x; y) = Qa2
n cos[2(arctan y

d
2 + x

)]

y2 + ( d
2 + x)2

¡
cos[2(arctan y

d
2 ¡ x

)]

y2 + ( d
2 ¡ x)2

o
; (6.10)

which implies for the derivative with respect to x at x = 0:

hx (0; y) = ¡
32Qa2d(d2 ¡ 12y2)

(d2 + 4y2)3
: (6.11)

Inserting this into the small gradient expansionof Eqn. (6.9) yields a repulsive force
which again is the sameas in Eqn. (6.5).

6.2 Fluid Membrane type

For a °uid membrane the completeHamiltonian (6.1) is relevant. Let us study two
di®erent situations, previously looked at in the literature [Wei03, WKH98]: two
parallel adheringcylinders and two discoidal inclusions.
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Figure 6.3: Two cylindricalcolloidsadheringto a membrane

6.2.1 Adhering cylinders

Two parallel cylinders may adhereto a membrane either in a symmetric situation
(cylinders at the samemembrane side) or an antisymmetric situation (cylinders at
opposite membrane sides).
If they are long enoughsuch as to neglect end e®ects,the height function of the
surfaceonly dependson onevariable, x. The shape Eqn. (3.34) then turns into

@2

@x2

³ @2

@x2
¡

1
¸ 2

´
h(x) = 0 ; (6.12)

for which a generalsolution is

h(x) = B1 + B2 x + B3 exp(¡
x
¸

) + B4 exp(
x
¸

) : (6.13)

Respecting the boundary condition of continuousslope (contact angleequalto ¼, cf.
Eqn. (3.26)) yields a height function for the inner region betweenthe two colloids
and the outer regions right and left of the two colloids, respectively. The total
energycan then be obtained by adding the energiesdue to the di®erent regionsand
additionally including the adhesionenergy[Wei03].

Same membrane side

In the symmetriccase,the author of Ref. [Wei03] showsthat (again in small gradient
expansion)

Esym,cyl (d) = ¡
(· + 2R2u)2(1 + tanh d

2¸ )
4
p

¾·R 2
; (6.14)
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as the result for the energy per unit length of the cylinder. In this expressionR
is the radius of one cylinder, u is the adhesionenergy per area, ¸ =

p
·=¾ the

characteristical length ¯rst introduced in Eqn. (3.31), and d the distance between
the two centers of the cylinders (seeFig. 6.3). To get the force per length L of the
left cylinder, Eqn. (6.14) must be di®erentiated with respect to d:2

Fsym,cyl =L = ¡
(· + 2R2u)2

8·R 2 cosh2 d
2¸

: (6.15)

We can now turn our focus once more to Chap. 5 in order to calculate the force
via the stresstensor approach. Rewriting the relevant Eqn. (5.9) in small gradient
expansionyields (seeEqn. (B.54a)):

Fsym,cyl =L = ¡
1
2

·h 2
xx (0) : (6.16)

We need to determine the height function in order to calculate the force. From
Ref. [Wei03] onederives

h(x) =
(· + 2R2u) coshx

¸

2¾R cosh d
2¸

+ const : (6.17)

According to Eqn. (6.16), the secondderivative with respect to x at x = 0 must be
determined,which is

hxx (0) =
(· + 2R2u)
2·R cosh d

2¸

: (6.18)

Inserting this into Eqn. (6.16) immediately yields the sameforceasthe onethat has
beencalculated in Eqn. (6.15).

Opposite membrane sides

For two cylinders at opposite sidesof the membrane, the energyis given by [Wei03]

Eantisym,cyl (d) = ¡
(· + 2R2u)2(1 + coth d

2¸ )
4
p

¾· R2
; (6.19)

which leadsto the force2

Fantisym,cyl =L =
(· + 2R2u)2

8·R 2 sinh2 d
2¸

: (6.20)

2 The direction of the force is always opposite for the two particles. Hence,if onewants to encode
this information in the sign, an additional minus sign is neededfor the left particle, sinceit moves
to the negative x-direction upon repulsion and to the positive upon attraction, respectively.
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6.2 Fluid Membrane type

B

aBAa

A

2a

Figure 6.4: Contactangles®A and®B

The small gradient expansionof Eqn. (5.12) is

Fantisym,cyl =L =
1
2

· (¸ r ? K ? )2 (B.54a)
=

1
2

· [¸h xxx (0)]2 : (6.21)

Taking again the height function from Ref. [Wei03] onearrivesat

h(x) =
(· + 2R2u) sinh x

¸

2¾R sinh d
2¸

; (6.22)

which yields

hxxx (0) =
(· + 2R2u)

2¾̧ 3R sinh d
2¸

: (6.23)

Inserting this result into Eqn. (6.21) reproducesresult (6.20).

6.2.2 Discoidal inclusions

The last situation we want to consideris that of two discoidal inclusionsin a mem-
brane,which canbe understood asa simplemodel for protein transmembraneinclu-
sions. This problemhasbeenstudied extensively in the literature, with and without
tension (seee.g. [GBP93, WKH98]), becauseof its relevancefor the aggregrational
behaviour of proteins (seeSec.1.2.3).
The discsare assumedto have radius a and are connectedto the membrane along
a horizontal circle with ¯xed contact angles®A and ®B (seeFig. 6.4). The distance
d will measurethe separationof the centers of thesecircles.

Without tension

The Hamiltonian in this caseis again a special caseof Eqn. (6.1). Now, ¾= 0:

H =
·
2

Z
dx dy (r 2h)2 : (6.24)

The caseof two discsin a membrane at vanishing tension was ¯rst investigatedin
Ref. [GBP93]. We will usethe resultsof Refs.[WKH98], wherethe height functions
are stated explicitly.
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Figure 6.5: Two discoidalinclusionsseparated by a distanced (seenfrom above).
Note that particle A is on the left and particle B is on the right handsidewhereasin
Ref.[WKH98] particle 1 is on the right. Notealsothat the anglesÁA andÁB are chosen
in accordanceto Á2 andÁ1 of Ref. [WKH98].

Let us focus again on a symmetric (®A = ®B = ®) and an antisymmetric situa-
tion (®A = ¡ ®B = ®). In both casesthe interaction energy is given by [WKH98,
Eqn. (16)] (in lowest order a=d):

Eno ten,inc (d) = 8¼·® 2 a4

d4
; (6.25)

which leadsto the horizontal force (seefootnote 2, p. 62)

Fno ten,inc = ¡ 32¼·® 2 a4

d5
: (6.26)

The height function in Cartesiancoordinatescan be deducedfrom [WKH98] to be

h§ (x; y) = C1

³
ln ½A § ln ½B

´
+ C2

³
§ cos2ÁA + cos2ÁB

´

+ C3

³
§

cos2ÁA

½2
A

+
cos2ÁB

½2
B

´
+ const ; (6.27)

where the coe±cients are (omitting third and higher orders in a=d): C1 = ®a,
C2 = (®a3)=d2 and C3 = ¡ (®a5)=2d2. The symmetric solution is denoted by h+ ,
the antisymmetric by h¡ .
The polar coordinatesrelated to the center of projection of the respective inclusion
on the (x,y) plane can be expressedin terms of the Cartesian coordinates x and y
(seeFig. 6.5):

½A =

r

y2 +
³ d

2
+ x

´ 2
; ½B =

r

y2 +
³ d

2
¡ x

´ 2
(6.28)

ÁA = arctan
y

d
2 + x

; ÁB = ¼¡ arctan
y

d
2 ¡ x

: (6.29)

64



6.2 Fluid Membrane type

For the symmetric situation Eqn. (5.8) must beapplied. In small gradient expansion
onegets (seeEqns. (B.54a) and (B.54b)):

Fno ten,inc,+ = ¡
1
2

·
Z + 1

¡1
dy

h
h2

xx (0; y) ¡ h2
yy(0; y)

i

= ¡ 32¼·® 2 a4

d5
: (6.30)

In the antisymmetric casethe forcemust be the sameas we can prove by rewriting
Eqn. (5.10) in small gradient expansion(seeEqns. (B.54a) and (B.54b)):

Fno ten,inc, ¡ = ·
Z + 1

¡1
dy hx (0; y)

h
hxxx (0; y) + hyyx (0; y)

i

= ¡ 32¼·® 2 a4

d5
: (6.31)

Theseresults again show the equality of the two di®erent methods.

Including tension

We now consider the complete Hamiltonian (6.1). The energy for small a=d and
a=¸ < 1 is given by [WKH98]

E ten,inc, § (d) = 2¼·® 2 a2

¸ 2

h
§ K 0(

d
¸

) +
a2

¸ 2
K 2

2(
d
¸

)
i

; (6.32)

which corresponds to the force (seefootnote 2, p. 62)

Ften,inc, § = 2¼·® 2 a2

¸ 3

n
¨ K 1(

d
¸

) ¡
a2

¸ 2
K 2(

d
¸

)
£
K 1(

d
¸

) + K 3(
d
¸

)
¤o

; (6.33)

where § stands for the symmetric and the antisymmetric situation, respectively.3

The functions K n are the modi¯ed Besselfunctions of the secondkind. It can be
readily checked that Eqns. (6.32) and (6.33) turn into Eqns. (6.25) and (6.26) in the
limit of zero tension, as they should.
The height function for this last caseis accordingto [WKH98]

h§ (x; y) = D1

h
K 0(

½A

¸
) § K 0(

½B

¸
)
i

+ D2

h
¨ K 1(

½A

¸
) cosÁA + K 1(

½B

¸
) cosÁB

i

+ D3

h
¨

cosÁA

½A
+

cosÁB

½B

i

+ D4

h
§ K 2(

½A

¸
) cos2ÁA + K 2(

½B

¸
) cos2ÁB

i

+ D5

h
§

cos2ÁA

½2
A

+
cos2ÁB

½2
B

i
+ const ; (6.34)

3 Note that the force in the symmetric caseis repulsiveat all distances whereasinclusions in the
antisymmetric caserepel each other at small separations,but attract each other at larger ones.
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6 Comparisonbetweenthe approaches

with the coe±cients: D1 = ¡ ®a, D2 = ¡ 1
2®a3

¸ 2 K 1( d
¸ ), D3 = ¡ 1

2D2
a2

¸ K 2( a
¸ ), D4 =

¡ ®a3

¸ 2 K 2( d
¸ ) and D5 = ¡ 1

4D4
a3

¸ K 3( a
¸ ) in lowestorder a=dand for a=¸ < 1. The polar

coordinates½A , ½B , ÁA and ÁB are de¯ned as in Eqns. (6.28,6.29)(seeFig. 6.5).
We ¯nally apply our ansatz to this last situation. In the symmetric case(®A =
®B = ®) the force in small gradient expansionis:

Ften,inc,+ =
Z + 1

¡1
dy

n ¾
2

h2
y(0; y) ¡

·
2

h
h2

xx (0; y) ¡ h2
yy(0; y)

io
: (6.35)

The calculation to obtain this force is unfortunately rather involved. We can, how-
ever, get a result for small a=dand big d=¸ by performing a Taylor expansionof the
Besselfunctions: we thereby obtain the ¯rst term of Eqn. (6.33). Regrettably, the
secondterm is then overshadowed by the next ordersneglectedin our expansion.
In the antisymmetric case(®A = ¡ ®B = ®) the force is given by

Ften,inc,- =
Z + 1

¡1
dy

n
¡

¾
2

h2
x (0; y) + ·h x (0; y)

h
hxxx (0; y) + hyyx (0; y)

io
: (6.36)

If wegoaheadand perform the sameTaylor expansionasin the symmetricsituation,
we again arrive at the ¯rst term of Eqn. (6.33) but not at the secondone, for the
samereasonas above.
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7 Conclusions

The principal aim of this thesis has been the introduction of a new approach for
obtaining exact results for interface mediated interactions. The key ideasand ex-
pressionsof this approach can be found in Chap. 5. Although it is specializedto
°uid membranesin this context, it is actually far more versatile: onecan apply the
central strategy to any interface whoseenergeticsis determined by a Hamiltonian
such asthe onein Eqn. (1.1). Furthermore, it is fully covariant and thereforenot re-
stricted to a particular surfaceparametrization like Monge. Its resultsare alsovalid
for largedeformationsasthey are indeedfound in experiments [KRS99], whereasthe
approach via the energetics(seeChap. 4) hasonly producedlinear approximations
for the forcesin almost all calculations found in the literature. Within this linear
regimeboth programsare consistent.
It should be stressedagain that the new method is not a substitute for solving the
nonlinear ¯eld equations. Instead, it shows that it is possibleto gain information
without the needto solve the shape equationsexplicitly by linking the geometry of
the interface to the forces mediated by it. This can be an advantage becauseit is
sometimeseasyto guesscertain propertiesof the overall geometry, while correspond-
ing guessesabout the surfaceenergy may not be equally straightforward to make.
In somecasesthis approach even yields the sign of the interactions, for instance,
if two parallel cylinders adhereto a °uid membrane. At the very least, it provides
non-trivial consistencyconditions for analytical calculations.
Onecannow proceedand combine the stresstensorapproach with any other analyt-
ical or numerical method which determinesthe surfaceshape. This is, for instance,
possiblewith the program \Surface Evolver" [Bra04], which can ¯nd surfacesthat
minimize a prescribed surfaceenergyfunctional. The surfaceshapesof Fig. 4.1, 5.1,
and 7.1 wereactually calculatedwith this program.
This thesis has just consideredpair forces. If one wants to calculate interactions
between more than two particles, it is important to remember that theseare not
simply expressibleas a sum of the pair interactions. The superposition principle
doesnot hold due to the nonlinearity of the theory.
This, however, posesno di±cult y for the stresstensor approach becausethe un-
derlying relation betweensurfacegeometry and force doesnot depend on whether
or not a pair-decomposition is possible(seeFig. 7.1). For certain symmetric situa-
tions a clever choiceof the contour of integration may again yield forceexpressions
analogousto thoseobtained in Sec.5.2.
Multi-b ody e®ectsbecomeparticularly important, if one considers2D bulk phases
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7 Conclusions

z

y

xtl

Figure 7.1: Three-body interactions.The forceononeparticle canbeobtainedasusual
by integratingthe surfacestresstensor alongthe line of integration(cf. Eqn. (2.3)).

like a systemconsistingof many particles that adhereto the samesideof an inter-
faceand repel each other. To determinestate variableslike the lateral pressureone
may think about usinga cell model like it is used,for instance,in nonlinearPoisson-
Boltzmann theory [DH01]. The reasonfor that is that the situations are quite sim-
ilar: Consideran overall neutral 3D systemof likely chargedcolloids together with
the appropriate number of oppositely charged counterions. In Poisson-Boltzmann
theory thesecounterions arereplacedby a chargedensity, which is treated in a mean
¯eld way. The colloids will typically organizesuch as to keepthemselvesmutually
apart. One can then partition the volume into cells, each containing one colloid.
Every cell has essentially the samevolume and is neutral by construction, which
meansthat di®erent cells do not signi¯cantly interact with each other. The cell
model then considersjust one cell and calculatesits free energy in dependenceof
the cell volume by solving the Poisson-Boltzmannequation. If one wants to know
the pressurein this system,onehas to di®erentiate this free energywith respect to
the cell's volume. Remarkably, this turns out to lead to the simple \recipe" that
the pressureis just given by the ion density at the cell boundary times the thermal
energykB T.
In analogyto that, onemight alsopartition the interfaceof the 2D bulk systeminto
two-dimensionalcells. Instead of solving the Poisson-Boltzmannequation, onenow
has to ¯nd a solution for the appropriate shape equation. Due to the nonlinearity,
onecannot get analytical results in generalas we have seenin this work. It should
be possible,however, to considerthe stresstensor at the cell boundary and relate
geometricalproperties at the boundary to the lateral pressureof the system.
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A Conventions and used symbols

Conventions

The indices f a;b;c;d;eg run from 1 to 2, whereasf i; j g 2 f x; y; zg. Note that the
sumconvention is usedin this thesis: if an index occurstwice in a product, onceasa
superscript and onceasa subscript, onehasto sumover that index from 1 to 2 even
though no explicit summation sign is present. The equationK =

P 2
a;b=1 gabK ab, for

instance,turns into K = gabK ab.

Used symbols

The symbols in the following list are orderedalphabetically with roman letters ¯rst,
followed by miscellaneoussymbols and Greek letters. Referenceis made to their
¯rst appearancein the text and, in somecases,to further information.
In Chap. 3 the bar ( ¹ ) denotessubstrateproperties. The symbol ¹K ab, for instance,
is the curvature tensor of the substrate.
Note alsothat a few symbols are not listed due to the fact that they can be derived
from the symbol that onegetswhenleaving out the sub-or superscript. The symbol
F L , for instance,is a force becauseF is a force (seelist).

a radius of a sphericalparticle/bubble (Sec.1.1.2,p. 9) or
discoidal inclusion (Sec.3.2.2,p. 42) or circle (App. B.2, p. 83)

a0 e®ective headgroup areaof an amphiphile (Sec.1.2.2,p. 11)
a spatial translation vector (Sec.2.2.1,p. 21)
A; B particle identi¯ers (Fig. 6.2, p. 59)
A0; : : : ; Am coe±cients in the height function in the caseof two particles

on a soap¯lm with a pinned contact line (Sec.6.1, p. 58)
dA areaelement (Sec.1, p. 4; seealsoApp. B.1, p. 77)
dA j j th component of the vectorial areaelement (Sec.2.1, p. 17)
¢ A; @¢ A small surfacepatch and boundary of this patch, respectively

(Sec.2.1, p. 18)
b unit binormal vector of a curve (App. B.1, p. 79)
B1; : : : ; B4 coe±cients in the height function in the caseof two cylinders

adhering to a membrane under tension (Sec.6.2.1,p. 61)
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C boundary curve (Sec.3.1.3,p. 38)
C1; : : : ; C3 coe±cients in the height function in the caseof two discoidal

inclusionsin a membrane without tension (Sec.6.2.2,p. 64)
d distancebetweenthe centers of two colloids (Sec.4.2, p. 48)
D1; : : : ; D5 coe±cients in the height function in the caseof two discoidal

inclusionsin a membrane under tension (Sec.6.2.2,p. 66)
ea set of tangent vectorson the surface(Sec.2.1, p. 18; seealso

App. B.1, p. 75)
e? outward pointing vector tangential to the surfaceand normal

to the midline betweenthe two colloids (Sec.5.2, p. 56)
Epot potential energy(seeSec.3.1.2p. 35)
dE in¯nitesimal energy(Sec.1.1.1,p. 5)
E Euler-Lagrangederivative (Sec.2.2.1,p. 20)
f e? projection of f ? onto e? (Sec.5.2, p. 56)
f ab; f a components of f a in the local frame f ea; n g (Sec.2.2.1,p. 22)
f surfacestresstensor (Sec.2.1, p. 17)
f c force of constraint (per length) (Sec.3.1.1,p. 33)
f n normal force (per length) (Sec.3.1.1,p. 34)
f ? surfacestresstensor at the midplane betweenthe two colloids

(Sec.5.2, p. 56)
f a surfacestresstensor written as a pair of vectors(Sec.2.1, p. 18)
f̧

a
; ~f

a
rede¯ned surfacestresstensor (Sec.2.2.1,p. 23 and
Sec.2.2.2,p. 26, respectively)

F absolutevalue of a force (Sec.1.1.1,p. 5)
F force (Sec.2.1, p. 17)
F scalar function de¯ned on the surface(App. C, p. 89)
g metric determinant (Sec.2.2.1,p. 19; seealsoApp. B.1, p. 77)

or accelerationdue to gravit y (Sec.3.1.2,p. 35)
gab metric tensor (Sec.1, p. 4 ; seealsoApp. B.1, p. 77)
g matrix consistingof the components of gab (App. B.1, p. 77)
G(r ; r 0) Greenfunction (Sec.3.1.3,p. 38)
Gab Einstein tensor (Sec.2.3, p. 28)
h1; : : : ; h4 coe±cients in the height function in the caseof onesphere

adhering to a membrane under tension (Sec.3.2.1,p. 41)
h(x; y) height function in Mongeparametrization (Sec.3.1.2,p. 35; see

alsoApp. B.3, p. 84)
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hx ; hy ¯rst derivativesof the height function in Mongeparametriza-
tion with respect to x and y, respectively (Sec.6.1, p. 59)

hxx ; hyy; hxy ; hyx secondderivativesof the height function in Mongeparametri-
zation with respect to x and x, y and y, etc. (Sec.6.2.1,p. 62)

hq Fourier coe±cient of the height function h (Sec.3.1.2,p. 36)
H Hamiltonian (Sec.1, p. 4)
HC ; ~HC original and rede¯ned Hamiltonian of the auxiliary variables

approach (Sec.2.2.2,p. 25 and Sec.2.2.2,p. 26, respectively)
H Hamiltonian density (Sec.1, p. 3)
H ab = ±H

±K ab
functional derivative of the Hamiltonian density with respect
to K ab (Sec.2.2.2,p. 25)

I 1; I 2 invariant scalars(Sec.1.2.1,p. 11)
k geometricalfactor (Sec.3.2.1,p. 41) or

curvature of a curve (App. B.1, p. 78)
k1; k2 principal curvatures of a two-dimensionalsurface

(Sec.1.2.1,p. 10; seealsoApp. B.1, p. 80)
kB Boltzmann constant (Sec.1.2.3,p. 15)
K ab extrinsic curvature tensor (Sec.1, p. 4; seealsoApp. B.1, p. 79)
K = gabK ab trace of the extrinsic curvature tensor (Sec.1.1.2,p. 10; see

alsoApp. B.1, p. 81)
K 0 spontaneouscurvature (Sec.1.2.1,p. 11)
K g geodesiccurvature (Sec.3.2.2,p. 42; seealsoApp. B.1, p. 79)
K G Gaussiancurvature (Sec.1.2.1,p. 11; seealsoApp. B.1, p. 81)
K n normal curvature (App. B.1, p. 79)
K ? ; K k normal curvatures perpendicular and parallel to a curve,

respectively (Sec.3.2.1,p. 40; seealsoApp. B.1, p. 80)
K ?k o®-diagonalelement of K b

a (Sec.3.2.1,p. 40)

` =
q

¾
g¢ ½ capillary length (Sec.3.1.2,p. 35)

l length of a surface(Sec.1.1.1,p. 4)
lc length of the hydrophobic part of an amphiphile

(Sec.1.2.2,p. 11)
dl j j th component of the line element ds times the unit vector

which is perpendicular to the boundary curve (Sec.2.1, p. 17)
la components of l in the local coordinate frame (Sec.2.1, p. 18)
l = laea unit normal pointing outward of a surfacepatch along a

boundary curve (tangential to the surface)(Sec.2.1, p. 18)
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L length (Sec.1.3, p. 16), especially
length of a cylindrical colloid (Sec.5.2, p. 55)

¢ L excesslength (Sec.5.2, p. 54)
m; n natural numbers (Sec.6.1, p. 58 and

Sec.2.3, p. 27, respectively)
M 1; : : : ; M n eigenvaluesof M (App. C, p. 88)
M ; M D symmetric matrix and corresponding diagonalmatrix,

respectively (App. C, p. 88)
n unit vector normal to the surface(Sec.2.1, p. 18)
p genus of a closedsurface(App. B.2, p. 83)
pe; pi exterior and interior pressure,respectively (Sec.1.1.2,p. 9)
P pressure(Sec.1.1.2,p. 9)
p unit principal vector of a curve (App. B.1, p. 79)
q wave vector (Sec.3.1.2,p. 36)
Q quadrupolar coe±cient (Sec.6.1, p. 58)
Qa linear di®erential operator (Sec.2.2.1,p. 21)
r classof a function (App. B.1, p. 75)
r position vector (Sec.3.1.2,p. 35)
R radius of a cylindrical colloid (Sec.6.2.1,p. 62)
Rab Ricci tensor (Sec.2.3, p. 28; seealsoApp. B.1, p. 82)
Ra

bcd Riemann tensor (App. B.1, p. 82)
R Ricci scalar (Sec.1.3, p. 16; seealsoApp. B.1, p. 82)
s arc length (Sec.2.1, p. 18)
ds line element (Sec.2.1, p. 18)
S point on a surface(App. B.1, p. 78)
Sa linear di®erential operator (Sec.2.2.1,p. 21)
t parameterof a curve (App. B.1, p. 80)
ta components of t in the local coordinate frame (Sec.5.2, p. 53)
tab; ta1a2 :::an

b1b2 :::bm
arbitrary tensors(seeApp. B.1, p. 77 et seq.)

t = taea tangent vector of a curve (Fig. 2.2, p. 19)
T temperature (Sec.1.1.1,p. 5)
Tab intrinsic surfacestresstensor (Sec.2.2.2,p. 25)
T transformation matrix (App. C, p. 88)
u adhesionenergyper area(Sec.3.1.1,p. 32)
U surfacepatch (App. B.1, p. 75)
v volume of the hydrophobic part of an amphiphile
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(Sec.1.2.2,p. 11)
V volume (Sec.1.1.2,p. 9)
V0 constant enclosedvolume (Sec.1.1.2,p. 10)
@V surfaceenclosinga volume V (Sec.1.1.2,p. 9)
dV; dV 0 volume element (Sec.2.1, p. 17 and App. C, p. 89, respectively)
¢ V; @¢ V small cubic volume and surfaceof this volume, respectively

(Sec.2.1, p. 17)
w width of a surface(Sec.1.1.1,p. 4)
dw length element (Sec.1.1.1,p. 5)
(x; y) Cartesiancoordinatesof the referenceplane (Sec.3.1.2,p. 35)
dx; dy in¯nitesimal changein x and y, respectively (Sec.3.1.2,p. 35)
(x; y; z) Cartesiancoordinates in R3 (Sec.2.1, p. 17)
f x ; y ; zg set of orthonormal basisvectors in R3 (Sec.2.1, p. 17)
X (»1; »2) embedding functions of the surface(Sec.1, p. 3)
X x ; X y ; X z component functions of X in R3 (App. B.1, p. 75)
@a = @=@»a partial derivative on the surface(Sec.2.2.2,p. 24)
@i partial derivative with respect to i 2 f x; y; zg (Sec.2.1, p. 17)
@

@n partial derivative along the normal vector of a boundary curve
(Sec.3.1.3,p. 38)

@(X x ;X y ;X z )
@(»1 ;»2 ) Jacobianmatrix (App. B.1, p. 75)

r = (@x ; @y)T nabla operator of the referenceplane (Sec.3.1.2,p. 35; see
alsoApp. B.3, p. 84)

r 2 Laplacian on the referenceplane (Sec.3.1.2,p. 35; seealso
App. B.3, p. 85)

r a covariant derivative on the surface(Sec.1, p. 4; seealso
App. B.1, p. 78)

r ? = lar a derivative along l (Sec.5.2, p. 54)
® contact angle(Sec.3.1.1,p. 32)
° anglebetweene1 and e2 (App. B.1, p. 77)
¡ c

ab Christo®elsymbol (App. B.1, p. 78)
± = ±k + ±? variation with respect to the embedding functions X

(Sec.2.2.1,p. 20; seealsoApp. C, p. 87)
±=±K ab functional derivative (in this casewith respect to K ab)

(Sec.2.2.2,p. 25)
±g variation with respect to the metric gab (Sec.2.3, p. 28)
±b

a Kronecker symbol (App. B.1, p. 77)
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A Conventions and usedsymbols

¢ = r ar a Laplacian on the surface(Sec.2.2.1,p. 24; seealso
App. B.1, p. 78)

´ anglebetweenn and p (App. B.1, p. 79)
µ0 angleof immersion/detachment (Sec.3.1.2,p. 36)
· bending rigidit y (Sec.1.2.1,p. 11)
¹· Gaussianbending rigidit y, alsosaddle-splay modulus

(Sec.1.2.1,p. 11)
¸ =

p ·
¾ characteristic length (Sec.3.2.1,p. 40)

¸ ab; ¤ ab; ¸ a
? ; ¸ n Lagrangemultiplier functions (Sec.2.2.2,p. 25)

~̧ab; ~¤ ab; ~̧a
? ; ~̧

n rede¯ned Lagrangemultiplier functions (Sec.2.2.2,p. 26)
¤ width of a surfacepatch (Sec.3.1.2,p. 36)
º x ; º y integers(Sec.3.1.2,p. 36)
»a set of local coordinateson the surface(Sec.1, p. 3)
d2» = d»1 d»2 product of in¯nitesimal changesin »1 and »2, respectively

(Sec.2.2.1,p. 19)
¥ subsetof R2 (App. B.1, p. 75)
½l ; ½g density of a liquid and a gas,respectively (Sec.3.1.2,p. 35)
¢ ½= ½l ¡ ½g density di®erencebetweena liquid and a gas(Sec.3.1.2,p. 35)
¾ surfacetension (Sec.1, p. 3)
¾ij components of the stresstensor in 3D (Sec.2.1, p. 17)
¾ stresstensor in 3D (Sec.2.1, p. 17)
§ surfacedomain (Sec.1, p. 4)
§ 0 simply connectedsurfacedomain (Sec.2.1, p. 18)
@§ ; @§ 0 boundary curve of the surfacedomain § (Sec.3.1.1,p. 33)

and § 0 (Sec.2.1, p. 18), respectively
' tilt anglebetweenn and z at the midplane betweenthe

two colloids (Sec.5.2, p. 53)
(½;Á) polar coordinatesof the referenceplane (Sec.3.2.1,p. 41)
(½;Á;µ) sphericalcoordinates in R3 (Sec.3.1.2,p. 37)
dÁ;dµ angleelements (Sec.3.1.2,p. 37)
Á1;0; : : : Ám;0 phaseanglesin the height function in the caseof two particles

on a soap¯lm with a pinned contact line (Sec.6.1, p. 58)
Á0 angleat which onequadrupole is rotated around z

(Sec.6.1, p. 59)
©a local tangential variation of X (Sec.2.2.1,p. 20)
ª local normal variation of X (Sec.2.2.1,p. 20)
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B Classical di®erential geometry of
two-dimensional surfaces

B.1 Basic de¯nitions

This sectiongivesan overview of the basicnotions of di®erential geometryfor two-
dimensionalsurfaces.It follows mainly Kreyszig [Kre91] in its discussion.

De¯nition of a surface

Let us considerthe vector function X (»1; »2) 2 R3 with

X : R2 ¾ ¥ 3 (»1; »2) 7! X (»1; »2) 2 U ½ R3 ; (B.1)

where¥ is an open subsetof R2. Let X (»1; »2) be of classr ¸ 1 in ¥, which means
that one of its component functions X i (i 2 f x; y; zg) is of classr and the other
onesare at least of this class.1 Let furthermore the Jacobianmatrix @(X x ;X y ;X z )

@(»1 ;»2 ) be
of rank 2 in ¥ which implies that the vectors

ea :=
@X
@»a

= @aX ; a 2 f 1; 2g ; (B.2)

are linearly independent. The mapping(B.1) then de¯nesa smooth two-dimensional
surfacepatch U embedded in three-dimensionalEuclidean spaceR3 with coordi-
nates »1 and »2 (seeFig. B.1). A union § of surfacepatches is called a surface
if two arbitrary patches U and U0 of § can be joined by ¯nitely many patches
U = U1; U2; : : : ; Un¡ 1; Un = U0 in such a way that the intersectionof two subsequent
patches is again a surfacepatch [Kre91, p. 76]. To simplify the following let us
restrict ourselvesto a surfacethat can be coveredby onepatch U only.
The vectorsea, de¯ned in Eqn. (B.2), are the tangent vectorsof the surface.They
are not normalizedin general.Togetherwith the unit normal

n :=
e1 £ e2

je1 £ e2j
; (B.3)

they form a local basis(local frame) in R3 (seeFig. B.2):

ea ¢n = 0 ; and n ¢n = 1: (B.4)

1 A function of one or several variables is called a function of class r if it possessescontinous
partial derivativesup to order r .
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Figure B.1: Parametrizationof a surface
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Figure B.2: Local frameon the surface
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B.1 Basic de¯nitions

The metric tensor (¯rst fundamental form)

With the tangent vectorsea, onecan de¯ne the metric tensor (also called the ¯rst
fundamentalform)

gab := ea ¢eb : (B.5)

This covariant secondrank tensor is symmetric (gab = gba) and positive de¯nite
[Kre91, p. 86]. It helps to determine the in¯nitesimal Euclidean distance in terms
of the coordinate di®erentials [Kre91, p. 82]

ds2 = [X (»1 + d»1; »2 + d»2) ¡ X (»1; »2)]2 = (e1 d»1 + e2 d»2)2

= (ea d»a)2 = (ea ¢eb) d»a d»b

= gab d»a d»b ; (B.6)

wherethe sumconvention is usedin the last two lines (seeApp. A). The contravari-
ant dual tensor of the metric may be de¯ned via

gac gcb := ±b
a :=

(
1; if a = b

0; if a 6= b
; (B.7)

where±b
a is the Kronecker symbol. The metric and its inversecan be usedto raise

and lower indicesin tensor equations. Considerfor instancethe secondrank tensor
tab:

Raising: tac gcb = t b
a ; and lowering: t c

a gcb = tab : (B.8)

The determinant of the metric2

g := detg = jgabj = g11g22 ¡ g12g21 (B.9)

can be exploited to calculate the in¯nitesimal area element dA: let ° be the angle
betweene1 and e2 (seeFig. B.2). Then

je1 £ e2j2 = je1j2je2j2 sin2 ° = g11g22(1 ¡ cos2 ° ) = g11g22 ¡ (e1 ¢e2)2

= g11g22 ¡ g12g12 = g ; (B.10)

and thus

dA = je1 £ e2j d»1 d»2 =
p

g d2» : (B.11)

2 Note that g is the matrix consisting of the metric tensor components gab.
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B Classicaldi®erential geometryof two-dimensionalsurfaces

The covariant derivative

The partial derivative @a is itself not a tensor. One thereforede¯nes the covariant
derivative r a on a tensor ta1a2 :::an

b1b2 :::bm

r ct
a1a2 :::an
b1b2 :::bm

= @ct
a1a2 :::an
b1b2 :::bm

+ td a2 :::an
b1b2 :::bm

¡ a1
dc + ta1d:::an

b1b2 :::bm
¡ a2

dc + : : : + ta1a2 :::d
b1b2 :::bm

¡ an
dc

¡ ta1a2 :::an
d b2 :::bm

¡ d
b1c ¡ ta1a2 :::an

b1d:::bm
¡ d

b2c ¡ : : : ¡ ta1a2 :::an
b1b2 :::d ¡ d

bm c ; (B.12)

wherethe ¡ c
ab are the Christo®elsymbols of the second kind with

¡ c
ab = (@aeb) ¢ec ; (B.13)

and r a is now a tensor. For the covariant di®erentiation of sumsand products of
tensorsthe usualrulesof di®erential calculushold. The metric-compatibleLaplacian
¢ can be de¯ned as ¢ := r ar a.
Note in particular that

r aeb = @aeb ¡ ¡ c
ab ec ; and (B.14)

r agbc = r agbc = r ag = 0 : (B.15)

Equation (B.15) is also called the Lemma of Ricci. It implies that raising and
lowering of indicescommutes with the processof covariant di®erentiation.

Orientable surfaces

The orientation of the normal vector n in one point S of the surfacedependson
the choice of the coordinate system [Kre91, p. 108]: exchanging, for instance, »1

and »2 also °ips n by 180 degrees.A surfaceis called orientable if no closedcurve
C through any point S of the surfaceexists which causesthe senseof n to change
when displacingn continuously from S along C back to S. An exampleof a surface
that is not orientable is the MÄobiusstrip.

The extrinsic curvature tensor (second fundamental form)

Two surfacesmay have the samemetric tensorgab but di®erent curvature properties
in R3. In order to describe such properties let us considera surface§ of class3 r ¸ 2
and a curve C of the sameclasson § with the parametrization X (»1(s); »2(s)) on
§, wheres is the arc length of the curve (seeFig. B.3).
At every point of the curve where its curvature k > 0, one may de¯ne a moving
trihedron f t ; p; bg where t = _X is the unit tangent vector, p = _t=j_t j = _t=k is the

3 This meansthat its parametrization X (»1; »2) is of classr ¸ 2.
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p
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Figure B.3: Curveon a surface

unit principal normal vector, and b = t £ p is the unit binormal vector of the curve.4

Furthermore, let ´ be the anglebetweenthe unit normal vector n of the surfaceand
the unit principal normal vector p of the curvewith coś = p¢n (seeagainFig. B.3).
The curvature k of the curve can then be decomposedinto a part which is due to
the fact that the surface is curved in R3 and a part due to the fact that the curve
itself is curved. The former will be called the normal curvature K n, the latter the
geodesiccurvature K g. One de¯nes:

K n := ¡ _t ¢n = ¡ k (p ¢n ) = ¡ k coś ; and (B.16)

K g := t ¢(_t £ n ) = k t ¢(p £ n ) = k sin´ sign(n ¢b) : (B.17)

Here, we are interested in the curvature properties of the surface. Therefore, the
normal curvature K n is the relevant quantit y that has to be studied a bit further.5

The vector _t may be written as

_t = ÄX =
d
ds

(ea
_»a) = (@bea) _»a _»b + ea

Ä»a : (B.18)

Thus, Eqn. (B.16) turns into

K n = ¡ k coś = (¡ n ¢@aeb) _»a _»b ; (B.19)

where it has been exploited that @aeb = @bea. The expressionin brackets is the
extrinsic curvature tensor or second fundamentalform

K ab := ¡ n ¢@aeb = ea ¢@bn : (B.20)
4 The dot denotesthe derivative with respect to the arc length s.
5 The minus sign in the de¯nition of K n , Eqn. (B.16), is unfortunately a matter of convention and

is herechosenin accordanceto the literature wherethe surfacestresstensor for °uid membranes
has been intro duced [CG02b, Guv04a]. A sphere with outward pointing unit normal has a
positive normal curvature then. Note that this di®ersfrom Ref. [Kre91].
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B Classicaldi®erential geometryof two-dimensionalsurfaces

It is a symmetric covariant secondrank tensor such as the metric. The second
relation in Eqn. (B.20) follows if one di®erentiates the ¯rst equation of (B.4) with
respect to »a.
The extrinsic curvature can be written covariantly:

K ab := ¡ n ¢r aeb : (B.21)

This is possiblebecause@aeb di®ersfrom r aeb only by terms proportional to the
tangent vectorsec, which vanish when multiplied by n (seeEqn. (B.14)).
Onecaneasilyseefrom Eqn. (B.20) that K ab hasgot somethingto do with curvature:
at every point of the surfaceit measuresthe changeof the normal vector in R3 for
an in¯nitesimal displacement in the direction of a coordinate curve.
To learn moreabout the normal curvature let us considera reparametrizationof the
curve C with the new parameter t. One gets

_»a =
d»a

dt
dt
ds

=
»a0

s0
; (B.22)

where 0 denotesthe derivative with respect to t. Equation (B.19) thus takes the
form

K n = K ab
_»a _»b =

K ab »a0»b0

(s0)2

(B.6)
=

K ab »a0»b0

gab »a0»b0 =
K ab d»a d»b

gab d»a d»b
: (B.23)

For a ¯xed point S, K ab and gab are¯xed aswell. The valueof K n then only depends
on the direction of the tangent vector t of the curve. One may search for extremal
valuesof K n at S by rewriting Eqn. (B.23):

(K ab ¡ K ngab) _»a _»b = 0 : (B.24)

A di®erentiation with respect to _»c yields the result

(K ac ¡ K ngac) _»a = 0 ; (B.25)

becausedK n = 0 is necessaryfor K n to be extremal. Through the raising of one
index, Eqn. (B.25) becomesan eigenvalue problem for K b

a. Its eigenvectorsare the
tangent directions along which the normal curvature is extremal. They are called
principal directions andareorthogonalto each other [Kre91, p. 129]. The eigenvalues
will be called the principal curvatures k1 and k2 of the surfacein point S. All other
values of K n in S in any direction can be calculated via Euler's theorem [Kre91,
p. 132]. If the curve follows a principal direction at every point, it is also called a
line of curvature.
For an arbitrary curve on the surfacethe symbol K k denotesthe normal curvature
belonging to the direction the curve is following, whereasK ? denotesthe normal
curvature belongingto the direction perpendicular to the curve in every point.
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B.1 Basic de¯nitions

It is useful to de¯ne the following two notions: the total curvature

K := gabK ab = K a
a = k1 + k2 ; (B.26)

and the Gaussiancurvature

K G := jK b
aj = k1k2 : (B.27)

The quantities jK j and K G are invariant under surfacereparametrizationsbecause
they only involve the eigenvaluesof the extrinsic curvature tensor. They occur, for
instance, in the surfaceHamiltonian of a °uid membrane (seeEqn. (1.10)). Note
that onecan rewrite K G

K G = jK b
aj = jK acgcbj = jK acj jgcbj =

K 11K 22 ¡ K 12K 21

g
: (B.28)

The equations of Gaussand Weingarten

With the help of the extrinsic curvature it is also possibleto ¯nd relations for the
partial derivativesof the local frame vectors: the normal vector n is a unit vector
(seeEqn. (B.4)) and therefore

n ¢@an = 0 : (B.29)

Thus,@an is a linear combination of the tangent vectorsea. Weknow that @an ¢ea =
K ab (seeEqn. (B.20)), which yields the Weingarten equations

@an = r an = K b
aeb : (B.30)

For the tangent vector ea a decomposition yields

@aeb = (n ¢@aeb)n + (ec ¢@aeb)ec
(B.20),(B.13)

= ¡ K abn + ¡ c
ab ec : (B.31)

Theseare the Gaussequations, which can be rewritten covariantly:

r aeb
(B.14)

= ¡ K abn : (B.32)

Intrinsic curvature and integrabilit y conditions

Do the partial di®erential Eqns. (B.30) and (B.32) have solutionsfor any chosengab

and K ab? The answer is no; certain integrability conditions have to be satis¯ed. We
require the embedding functions X to be of classr ¸ 3 and

@a@bec = @b@aec : (B.33)

From this follows [Kre91, p. 142et seq.]

Ra
bcd = K bdK a

c ¡ K bcK a
d ; and (B.34)

r aK bc = r bK ac ; (B.35)
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B Classicaldi®erential geometryof two-dimensionalsurfaces

where
Ra

bcd := @c¡ a
bd ¡ @d¡ a

bc + ¡ e
bd ¡ a

ec ¡ ¡ e
bc ¡ a

ed ; (B.36)

is called the mixed Riemann curvature tensor. It is intrinsic becauseit does not
dependon the normal vector n . Expression(B.35) is alsoreferredto asthe equation
of Mainardi-Codazzi.
The Ricci tensor is de¯ned as the contraction of the Riemann tensor with respect
to its ¯rst and third index:

Rab := Rc
acb : (B.37)

A further contraction of the Ricci tensor yields the intrinsic scalar curvature of the
surface(Ricci scalar)

R := gabRab : (B.38)

From Eqn. (B.34) one then obtains

Rab = K K ab ¡ K acK c
b ; and (B.39)

R = K 2 ¡ K abK ab : (B.40)

Combining Eqn. (B.28) with the completelycovariant form of Eqn. (B.34), onegets
after a few calculations:

Rab = K G gab ; and (B.41)

R = 2K G : (B.42)

Theseequationscon¯rm Gauss'TheoremaEgregium,which statesthat the Gaussian
curvature, eventhough originally de¯ned in an extrinsic way, in fact only dependson
the ¯rst fundamental form [Kre91, p. 145]and is thus an intrinsic surfaceproperty.

B.2 Gauss-Bonnet theorem

The Gauss-Bonnet theorem for simply connected surfaces

The Gauss-Bonnettheoremstatesthe following [Kre91, p. 169]: Let § 0 be a simply
connectedsurfacepatch of classr § 0 ¸ 3 with simple closedboundary @§ 0 of class
r@§ 0 ¸ 3. Furthermore, let X (»1(s); »2(s)) be the parametrization of the boundary
curve, wheres is the arc length. Then

Z

@§ 0

ds K g +
Z

§ 0

dA K G = 2¼; (B.43)

wheredA is the in¯nitesimal areaelement, K g is the geodesiccurvature of @§ 0, and
K G is the Gaussiancurvature of § 0. Note that the integration along the boundary
curve hasto be carried out in such a sensethat the right-hand rule is satis¯ed: take
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Figure B.4: Integrationcontourfor multiply connectedsurfacepatches

your right thumb and point it in the direction of the normal vector n . If you then
curl your ¯ngers, the tips indicate the direction of integration.
One can check the consistencyof Eqn. (B.43) easily by consideringa °at circle
with radius a: Its Gaussiancurvature is zero and therefore also the integral over
it. The geodesiccurvature, however, is equal to 1=a in every point of the boundary.
Thus, the integral over K g yields 2¼a £ 1=a, which is equal to the right-hand side
of Eqn. (B.43).

Generalization to multiply connected surfaces

A generalization of this theorem to multiply connectedsurfacesis also possible
[Kre91, p. 172]: One can cut multiply connectedsurfacesinto simply connected
ones.Take, for instance,a surfaceas in Fig. B.4. The path of integration along the
boundary may be chosenasdepictedby the arrows. The sectionsarepassedtwice in
opposite directions; their contributions thereforecanceleach other. The end points
of every section,however, add a term of ¼each to the integral

R
ds K g. This is due

to the rotation the tangent makesat each of thesepoints. Every section therefore
contributes 2¼to the integral. For the caseof Fig. B.4 we thus have an extra term
of 4¼.

Application to closed surfaces

It is also possibleto apply the Gauss-Bonnettheorem to closedsurfaces[Kre91,
p. 172]. Topologically, any closedorientable surfaceis homeomorphic6 to a sphere
with p attached \handles". This number p is also called genus of the surface.
Consequently, a spherehas genus 0, a torus genus 1, etc. One then obtains for

6 This meansthat the mapping and its inverseare continuous and bijective.
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Figure B.5: Mongeparametrization

any closedorientable surface§ of genus p [Kre91, p. 172]:
Z

§
dA K G = 4¼(1 ¡ p) : (B.44)

This implies that the integral over the Gaussiancurvature is a topological invariant
for any closedsurfacewith ¯xed genus p.

B.3 Monge parametrization

For surfaceswith no \overhangs",it is su±cient to describe their position in terms of
a height h(x; y) abovethe underlying referenceplaneasa function of the orthonormal
coordinates x and y. The direction of the basisvectors f x ; y ; zg 2 R3 is chosenas
depicted in Fig. B.5.
The tangent vectors on the surfacecan then be expressedas ex = (1; 0; hx )T and
ey = (0; 1; hy)T , wherehi = @i h (i; j 2 f x; yg). The metric is equal to

gij = ±ij + hi hj ; (B.45)

where ±ij is the Kronecker symbol. We also de¯ne r = (@x ; @y)T . The metric
determinant and the in¯nitesimal surfaceelement can then be written as

g = jgij j = 1 + (r h)2 and (B.46)

dA =
p

g dx dy : (B.47)

The inversemetric is given by

gij = ±ij ¡
hi hj

g
: (B.48)
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B.3 Mongeparametrization

Note that Eqns. (B.45) and (B.48) are not tensor equations. The right-hand side
gives merely numerical values for the components of the covariant tensorsgij and
gij . The unit normal vector is equal to

n =
1

p
g

µ
¡ r h

1

¶
: (B.49)

With the help of Eqn. (B.20) the extrinsic curvature tensor can be calculated:

K ij = ¡
hij
p

g
; (B.50)

wherehij = @i @j h. Note that Eqn. (B.50) again is not a tensor equation and gives
only numerical valuesfor the components of K ij .
Finally, it is alsopossibleto write the total curvature K in Mongeparametrization:

K = ¡ r ¢
³ r h

p
g

´
: (B.51)

In Chaps.3, 4, and 6 we are interestedin surfacesthat deviate only weakly from a
°at plane. In this situation the gradients hi are small. Therefore, it is enoughto
consideronly the lowest nontrivial order of a small gradient expansion. K and dA
can then be written as

K = ¡ r 2h + O[(r h)2] ; (B.52)

dA =
n

1 +
1
2

(r h)2 + O[(r h)4]
o

dx dy : (B.53)

In Chap. 6 we also needK ? and K k and, in addition, the derivatives r ? K ? and
r ? K k at x = 0 (seeFig. 5.1) in Monge parametrization. Due to the chosenorien-
tation, the result in small gradient expansionis simply

K ? = ¡ hxx (0; y) ; (B.54a)

K k = ¡ hyy(0; y) ; (B.54b)

as well as

r ? K ? = ¡ hxxx (0; y) ; (B.55a)

r ? K k = ¡ hyyx (0; y) : (B.55b)
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C Surface variations

This appendix provides the ¯rst order changesof the geometry, i. e. gab, K ab, etc.,
under a variation of the embedding functions

X ! X + ±X ; (C.1)

where ±X may be decomposed into a part tangential and a part normal to the
surface:

±X = ©aea + ª n : (C.2)

The following equationsand parts of the calculationscan be found in [CG02b] and
[CGS03].
Let us ¯rst considerthe tangent vectorsea:

±ea
(B.2)
= ±(@aX ) = @a(±X ) = r a(±X )

(C.2)
= r a(©aea + ª n )

= (r a©b)eb ¡ K ab©bn + (r aª) n + ª K b
a eb ; (C.3)

wherethe Weingartenand Gaussequations(B.30) and (B.32) wereusedin the last
step. Note also that ± and @a commute due to their linearity.
Eqn. (C.3) may bedecomposedinto its tangential and normal parts just by collecting
all terms in ©a andª, respectively. This is alsopossiblewith the following variations.

Variation of the ¯rst fundamental form

For the variation of the metric we ¯nd

±gab
(B.5)
= ea ¢±eb + ±ea ¢eb

(C.3)
= r a©b + r b©a + 2K abª : (C.4)

Varying Eqn. (B.7) yieldsgac ±gcb+ ±gac gcb = 0. From this follows that the variation
of the inversemetric is given by

±gab = ¡ gacgbd±gcd
(C.4)
= ¡r a©b ¡ r b©a ¡ 2K abª : (C.5)

To proceed,one needsto calculate the derivative of the metric determinant with
respect to gab. For that purpose,consider¯rst quite generally a symmetric n £ n
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matrix M . It canbediagonalizedwith its eigenvaluesM 1; : : : ; M n beingthe diagonal
elements: M = TM DT ¡ 1 whereM D is the diagonalmatrix. From this follows:

log(det M ) = log[det (TM DT ¡ 1)] = log(M 1 ¢M 2 ¢: : : ¢M n )

=
nX

i =1

logM i = Tr (log M D ) = Tr [log(T ¡ 1MT )]

= Tr [T ¡ 1 log(M )T] = Tr (log M ) : (C.6)

Thus,

@g
@gab

=
@detg
@gab

=
@

@gab

n
exp[log(det g)]

o
(C.6)
=

@
@gab

n
exp[Tr (log g)]

o

=
n

exp[Tr (log g)]
o @

@gab

h
Tr (log g)

i
= g Tr

h @
@gab

(log g)
i

= g Tr
h
g¡ 1 @g

@gab

i
= ggcd@gdc

@gab
= ggab : (C.7)

The determinant of the metric then changesas follows

±g =
@g

@gab
±gab = ggab±gab = 2g(r a©a + K ª) ; (C.8)

which yields for
p

g

±
p

g =
1

2
p

g
±g =

p
g(r a©a + K ª) ; (C.9)

and ¯nally for the in¯nitesimal areaelement:

±(dA) = dA(r a©a + K ª) : (C.10)

Variation of the second fundamental form

The variation of the normal vector n may be obtained from Eqns. (B.4):

ea ¢±n = ¡ n ¢±ea ; (C.11)

and n ¢±n = 0 : (C.12)

It follows:
±n

(C.3)
= K ab©agbcec ¡ (r aª) gabeb ; (C.13)

and

±K ab
(B.21)

= ¡ (±n ) ¢r aeb ¡ n ¢r a±eb

(C.3)
= ¡ n ¢r a[(r b©c)ec ¡ K bc©cn + (r bª) n + ª K c

b ec]
(B.35)

= ©cr cK ab + K acr b©c + K bcr a©c ¡ r ar bª + K acK c
bª : (C.14)
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The ¯rst term in the ¯rst line is equalto zero: ¡ (±n )¢r aeb
(B.32)

= ¡ K ab(±n )¢n
(C.12)

= 0.
Note alsothat the Weingartenand Gaussequations(B.30) and (B.32) wereapplied
in the last step.
For the total curvature this gives:

±K
(B.26)

= ±gab K ab + gab ±K ab

(C.5),(C.14)
= (¡r a©b ¡ r b©a ¡ 2K abª) K ab

+ gab(©cr cK ab + K acr b©c + K bcr a©c ¡ r ar bª + K acK c
bª)

= ©cr cK ¡ ¢ª ¡ K abK abª : (C.15)

Note in particular that for the normal variation this reducesto

±? K = ¡ (¢ + K abK ab)ª : (C.16)

Further variations

The volume of an object (e.g. a soapbubble, seeSec.1.1.2) may be written as a
surfaceintegral with help of Gauss'Theorem

V =
Z

V
dV 0 =

Z

V
dV 0 r ¢X

3
=

1
3

Z

@V
dA n ¢X : (C.17)

To ¯rst order, tangential variations only correspond to a reparametrization and
thereforecancel(as one can easily check). The variation of the volume yields (see
Eqns. (C.2), (C.9) and (C.13))

±V = ±? V =
1
3

Z

@V
d2» [(±?

p
g) n ¢X +

p
g (±? n ) ¢X +

p
g n ¢(±? X )]

=
1
3

Z

@V
dA [(K ª) n ¢X ¡ (r aª) gabeb ¢X + n ¢(ª n )] : (C.18)

An integration by parts of the secondterm and useof the Gaussequations(B.32)
simpli¯es Eqn. (C.18):

±V =
1
3

Z

@V
dA f (K ª) n ¢X + [¡ (K ª) n ¢X + ª gabeb ¢r aX| {z }

= gab gba =2

] + ª g

=
Z

@V
dA ª : (C.19)

Generally, any scalar function F de¯ned on the surfacevaries under a tangential
deformation like [CG02b]

±kF = ©a@aF = ©ar aF : (C.20)
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Application: The formula of Laplace

We want to perform a normal variation of Hamiltonian (1.9) in Sec.1.1.2:

H =
Z

@V
dA ¾¡ P(V ¡ V0) : (C.21)

Exploiting the results of this appendix, onegets in equilibrium (±? H = 0)

±? H =
Z

@V
(±? dA) ¾¡ P±? V

(C.10),(C.19)
=

Z

@V
dA ª( ¾K ¡ P) != 0 (C.22)

which yields the formula of Laplace

P = ¾K : (C.23)
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